HODGE- WITT COHOMOLOGY AND WITT-RATIONAL 
SINGULARITIES 



ANDRE CHATZISTAMATIOU AND KAY RULLING 

O 

(N 

» I , Abstract. We prove the vanishing modulo torsion of the higher direct images 

f) . of the sheaf of Witt vectors (and the Witt canonical sheaf) for a purely in- 

' separable projective alteration between normal finite quotients over a perfect 

field. For this, we show that the relative Hodge- Witt cohomology admits an 
£N) , action of correspondences. As an application we define Witt-rational singu- 

larities which form a broader class than rational singularities. In particular, 
finite quotients have Witt-rational singularities. In addition, we prove that 
the torsion part of the Witt vector cohomology of a smooth, proper scheme is 
C \J a birational invariant. 
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Introduction 

An important class of singularities over fields of characteristic zero are the ratio- 
nal singularities. For example, quotient singularities and log terminal singularities 
are rational singularities. Over fields with positive characteristic the situation is 
more subtle. The definition of rational singularities requires resolution of singular- 
ities which is not yet available in all dimensions. Moreover, quotient singularities 
are only rational singularities under a further tameness condition, but in general 
fail to be rational singularities. 

The purpose of this paper is to define a broader class of singularities in positive 
characteristic, which we call Witt-rational singularities. The main idea is that we 
replace the structure sheaf Ox and the canonical sheaf ujx by the Witt sheaves 
WOx,Q and Wlvx,q- One important difference is that multiplication with p is 
invertible in WOx,Q and Wu>x,q- Instead of resolution of singularities we can use 
alterations. 

Witt-rational singularities have been first introduced by Blickle and Esnault 
BE08]. In this paper we use a slightly different and more restrictive definition, 
which seems to be more accessible. Conjecturally, our definition agrees with the 
one of Blickle-Esnault by using a Grauert-Riemenschneider vanishing theorem for 
the Witt canonical sheaf Wujx,q- We hope to say more about this in the future. 

0.1. Let k be a perfect field of positive characteristic. We denote by W = W(k) 
the ring of Witt vectors and by Kq = Frac(W) the field of fractions. For smooth 
projective fc-scheme the crystalline cohomology H* iya (X /W) has, by the work of 
Bloch and Deligne-Illusie, a natural interpretation as hypercohomology of the de 
Rham-Witt complex VFO^-, 

H* clys (X/W)^H*(X,Wn x ). 

After inverting p, the slope spectral sequence degenerates which yields a decompo- 
sition 

H n (X/K )= H j {X,Wn x )® w K . 

i+j=n 

The de Rham-Witt complex is the limit of a pro-complex (W n ft x ) n , and for us 
W n O x and W n oj x = W n n x mX will be most important. The sheaf W n O x is the 
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sheaf of Witt vectors of length n, and defines a scheme structure W n X on the 
topological space X. The structure map ir : X — > Spec (k) induces a morphism 
W n {ir) : W n X -> SpecW n (fe), but W n (ir) is almost never flat. By the work of 
Ekedahl (see |Eke84| ) W n uJx equals W n (ir) ! W n [— dimX], hence W n uix is a dualiz- 
ing sheaf for W n X. 

The main technical problem in order to define Witt-rational singularities is to 
prove the independence of the chosen alteration. Our approach is to use the action 
of algebraic cycles in a similar way as in [CR09] . For this, we have to extend the 
work of Gros |Gro85| on the de Rham-Witt complex in Theorem Q] below. 

For a fc-scheme S we denote by Cs the category whose objects are ^-schemes 
which are smooth and quasi-projcctive over fc. For two objects / : X — > S and 
g : Y — > S in Cs, the morphisms Horns (/ : X — > S, g : Y — > S) are defined by 
lhn^CH(Z), where the limit is taken over all proper correspondences over S be- 
tween X and Y, i.e. closed subschemes Z C X x $ Y such that the projection to Y 
is proper (CH(Z) = 0;CIT(Z) denotes the Chow group). The composition of two 
morphisms is defined using Fulton's refined intersection product. The following the- 
orem on the action of proper correspondences on relative Hodge- Witt cohomology 
is the main technical tool of the article. 

Theorem 1 (cf. Proposition 13 . 5 .4) . There is a functor 

H{l/S) : C s (WO s - modules), 

U{f:X^S/S) = ($R l UWSl Xl 

i,3 

with the following properties. 

If h : X — > Y is an S ' -morphism between two smooth k-schemes and C 
Y x$X denotes the transpose of its graph, then - H([r^]/5) is the natural pull-back. 
If in addition h is projective then 'H(\Fh]/S) is the pushforward defined by Gros in 
|Gro85j using Ekedahl's duality theory [Eke84j. 

For a morphism a G Homc s (X/S, Y/S) in Cs, the map I-L(a/S) is compatible 
with Frobenius, Verschiebung and the differential. 

0.2. We say that an integral normal fc-scheme X is a finite quotient if there exists 
a finite and surjective morphism from a smooth fc-scheme Y — > X (e.g. X = Y/G 
for some finite group G acting on Y .) We say that a normal integral scheme X is a 
topological finite quotient if there exists a finite, surjective and purely inseparable 
morphism u : X — > X' , where X' is a finite quotient. The morphism u is in 
fact a universal homeomorphism. Finally we say that a morphism / : X — > Y 
between two integral fc-schemes is a quasi-resolution of Y if X is a topologically 
finite quotient and the morphism / is surjective, projective, generically finite and 
purely inseparable. (In characteristic zero these conditions imply that X is a finite 
quotient and / is projective and birational.) By a result of de Jong (see jdJ96 , 
|dJ97j ) quasi-resolutions always exist. When working with Q-coefficients the notion 
of quasi-resolutions suffices to define an analog of rational singularities. This follows 
from the following theorem. 

Theorem 2 (Theorcm l4.3.3p . Let Y be a topological finite quotient and f : X —> Y 
a quasi-resolution. Then 

RUWOxm = WO Y<Q . 
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If X and Y arc smooth and / is birational, this is a direct consequence of 
Theorem[T]and the vanishing Lemmas 13.6. II and 13. 6.21 Indeed, in CH(X xyl) the 
diagonal Ax clxyl can be written as [Tj] o \Tf] + E, where E is a cycle whose 
projections to X have at least codimension > 1. Thus E acts as zero on the WO 
part and hence [Ty] o [r /] acts as the identity on R l f*WOx,Q, but it factors over 
for i > 0; this will prove the theorem in case X and Y is smooth. Because the 
Frobenius is invertible when working with Q-coefficients we can neglect all purely 
inseparable phenomena. Therefore the main point in the general case is to realize 
the higher direct images of R 1 f*WOx,Q (and also for V) as certain direct factors 
in the relative cohomology of smooth schemes, which is possible since X and Y are 
topological finite quotients. 

0.3. Before explaining our definition of Witt-rational singularities we need to in- 
troduce some notations. If X is a /c-schcmc of pure dimension d and with structure 
map 7r : X — > Spec/c, then we define the Witt canonical sheaf of length n by 



It follows from the duality theory developed by Ekedahl in |Eke84j, that these 
sheaves form a projective system W t ux with Frobenius, Verschiebung and Cartier 
morphisms. Further properties are (the first two are due to Ekedahl, see |Eke84j 
and Proposition 14. 1.4]) 

(1) If X is smooth, then W.lj x = W.Q X - 

(2) If X is Cohen-Macaulay, then WnWjf^] — W n {^)'W n , in particular W n LOx 
is dualizing. 

(3) If / : X — > Y is a proper morphism between fc-schemes of the same pure 
dimension, then there is a W.Cy-linear morphism 



We say that an integral /c-scheme S has Witt-rational singularities (Defini- 
tion 14.4. 4[) if for any quasi-resolution / : X — >• S the following conditions are 
satisfied: 

(1) /* : WOs.q f*WOx,q is an isomorphism, 

(2) WUWOx,® = 0, for alii > 1, 

(3) R*f*Wu) Xt Q = 0, for all i > 1. 

In case only the first two properties are satisfied we say that S has WO -rational 
singularities. Condition (1) is satisfied provided that S is normal. 

Our main example for varieties with Witt-rational singularities are topologically 
finite quotients, because the vanishing property in Theorem [5] also holds for Wu. 

Theorem 3 (Corollary I4.4.7[ ). Topological finite quotient have Witt-rational sin- 
gularities. 

A particular case are normalizations of smooth schemes X in a purely inseparable 
finite field extension of the function field of X. More generally, if u : Y — > X is 
a universal homeomorphism between normal schemes then Y has Witt-rational 
singularities if and only if X has Witt-rational singularities (Proposition I4.4.9|) . 

Every scheme with rational singularities has Witt-rational singularities, but va- 
rieties with Witt-rational singularities form a broader class. For example, finite 



W n w x := H- d {W n {n)'W n ). 



/* : f*W.Lu x -t W.ujy, 

which is compatible with composition and localization. 
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quotients may fail to be Cohen-Macaulay and thus are in general not rational sin- 
gularities. 

A different definition of Witt-rational singularities has been introduced by Blickle 
and Esnault as follows. Let S be an integral fc-scheme and / :l->Sa generically 
etale alteration with X a smooth /c-scheme. We say that S has BE- Witt-rational 
singularities if the natural morphism 

WO s ,® -> Rf*WO x ,q 

admits a splitting in the derived category of sheaves of abelian groups on X. A 
scheme with Witt-rational singularities in our sense has BE- Witt-rational singular- 
ities (Proposition 14.4. 17)) . We conjecture that the converse is also true. 
The existence of quasi-resolutions implies the following corollary. 

Corollary 1 ( Corollary 14.4.11]) . Let S be a k-scheme and X and Y two integral 
S-schemes. Suppose that there exists a commutative diagram 



Z 




with ttx and iry quasi-resolutions. Suppose that X, Y have Witt-rational singular- 
ities. Then we get induced isomorphisms in D b (WOs) 

(1) Rf*WO x ,® = Rg*WO Y ,®, Rf*Wu x ,® = Rg*Wcj Y ,®- 

The isomorphisms are compatible with the action of the Frobenius and the Ver- 
schiebung. 

If / : X — > S and g : Y — > S are quasi-resolutions then the isomorphisms in ([T]) 
are independent of the choice of Z ( Corollary 14. 5. ip . In this way we obtain natural 
complexes 

W5 ,5 := Rf*WO x> ®, WS dim(shS := Rf*Wou s ,®, 
(Definition gX2). 

0.4. By using the work of Berthelot-Bloch-Esnault Corollary Q] yields congruences 
for the number of rational points over finite fields. 

Corollary 2 ( Corollary 14.4.16]) . Let S = Specfc be a finite field. Let X and Y 
be as in Corollary [7] and suppose that X, Y are proper. Then for any finite field 
extension k' of k we have 

\X(k')\ = \Y(k')\ mod \k'\. 

If X, Y are smooth this is a theorem due to Ekedahl [Eke83] . 

For a normal integral scheme S with an isolated singularity s € S we can give 
a criterion for the iyO-rationality of S, provided that a resolution of singularities 
/ : X — > S exists such that / : / _1 (S'\{s}) — > 5\{s} is an isomorphism; we denote 
by E :— / _1 (s) the fibre over s. Then S has W^O-rational singularities if and only 
if 

(2) H i {E,WG E M)=ti foralU>0, 

(Corollarv l4.6.4j) . This implies that a normal surface has WO-rational singularities 
if and only if the exceptional divisor is a tree of smooth rational curves. 
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For cones C of smooth projective schemes X, we obtain that C has VFO-rational 
singularities if and only if H' l (X, WOx,q) = for i > 0. We can show that C has 
Witt-rational singularities provided that Kodaira vanishing holds for X (Section 
14. 7p . We expect that this assumption can be dropped; in general, a Grauert- 
Riemenschneider type vanishing theorem for Wlo should imply that VFO-rationality 
is equivalent to Witt-rationality. 

Over a finite field k we use a weight argument to refine the criterion ([2]) if E is a 
strict normal crossing divisor. Let Ei be the irreducible components of E, via the 
restriction maps we obtain for alH > a complex Ct(E): 

H* (E lQ , WOe h> ,q) -)• H* (E la DE H , WO E , o nEn ,q) ->• • . . 

to «0<«1 
V v ' 

deg=0 

Theorem 4 (Theorem 14. 6. 7p . Let k be a finite field. In the above situation, S has 
WO-rational singularities if and only if 

H i (C t (E))=0 for all (i,t) ^ (0,0). 

Theorem [4] is inspired by the results of Kerz-Saito .SailOl Theorem 8.2] on the 
weight homology of the exceptional divisor. 

For morphisms with generically smooth fibre with trivial Chow group of zero 
cycles we can show the following vanishing theorem. 

Theorem 5 (Theorcm l4.8.1|) . Let X be an integral scheme with Witt-rational sin- 
gularities. Let f : X — > Y be a projective morphism to an integral, normal and 
quasi-projective scheme Y. We denote by r\ the generic point ofY, and X v denotes 
the generic fibre of f. Suppose that X v is smooth and for every field extension 
L D k(rj) the degree map 

CHopf,, x k{7]) L)<g) Z Q^Q 

is an isomorphism. Then, for all i > 0, 

&f.WOx, Q = ff''(W5o,y), R?f.Ww x ,Q = H l (WS dim{Y) , Y )- 

In particular, if Y has Witt-rational singularities then 

R?f.WO x ,Q = 0, /."/. U „-.v.:; = 0, for all i > 0. 

0.5. For smooth schemes we can show the following result which takes the torsion 
into account. 

Theorem 6 (Theorem l5.1.10p . Let S be a k-scheme. Let f : X — >• S and g :Y^-S 
be two S-schemes which are integral and smooth over k and have dimension N. 
Assume X and Y are properly birational over S, i.e. there exists a closed integral 
subscheme Z C X x g Y , such that the projections Z — > X and Z — > Y are proper 
and birational. There are isomorphisms in D b (S,W(k)): 

Rf*WO x s Rg*WO Y , Rf^Wn^ = Rg m WSl$. 

Taking cohomology we obtain isomorphisms ofWOs-modules which are compatible 
with Frobenius and Verschiebung: 

RtftWOx^RtgvWOY, R l f*Wn% = R*g„Wn$, foralli>0. 
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If X and Y are tame finite quotients and there exists a proper and birational 
morphism h : X — !> Y then a similar statement holds (see Theorem 15. 1 . 13[) . 

If X and Y are two smooth and proper fc-schemes, which are birational and of 
pure dimension N. Then we obtain isomorphisms of W(k)[F, T^]-modules 

H l {X, WO x ) = H\Y, WO Y ), H l (X, WSl%) S H l (Y, WSl^), for all i > 0. 

Modulo torsion the statement for WO is a theorem due to Ekedahl. 

0.6. We give a brief overview of the content of each section. In Section 1 we 
introduce the category dRWx of de Rham-Witt systems on a fc-scheme X. In the 
language of Ekedahl [Eke84] an object in dRWx is both, a direct and an inverse 
de Rham-Witt system at the same time. Furthermore, we introduce the derived 
pushforward, derived cohomology with supports a nd it^im on D b (dKWx)- We 
recall the definition of Witt-dualizing systems from |Eke84j in II. 61 and some facts 
about residual complexes in 11.71 In particular, we observe that if / : X — > Y is 
an morphism between fc-schemes, which is proper along a family of supports $ 
on X, then for any residual complex K on Y the trace morphism f*f^K — > K, 
which always exists as a map of graded sheaves, induces a morphism of complexes 
f*H<s>f A K — > K. In ll.8l we show that for any 7r:X^ Spec fc the residual complexes 
W n n A W n (k) form a projective system Kx, which is term- wise a Witt-dualizing 
system. In 11.91 we define the functor Dx = Hom(—,Kx) on D(dRWx, q c)°- (It is 
only defined on complexes of quasi-coherent de Rham-Witt systems.) In 11.101 we 
recall the results of Ekedahl in the smooth case relating Kx to W,il x mX , and in 
11.111 we calculate the trace morphism for a regular closed immersion. A similar 
description is given in }Gro85] , but it refers to work in progress by Ekedahl, which 
we could not find in the literature, therefore we give another argument. 

In Section 2 we introduce relative Hodge- Witt cohomology with supports on 
smooth and quasi-projective fc-schemes, which are defined over some base scheme 
S. We define a pullback for arbitrary morphisms and using the trace map from 
Section 1 also a pushforward for morphisms which are proper along a family of 
supports. Then in 12.41 we give an explicit description of the pushforward in the 
case of a regular closed immersion and also for the projection F x — > X, where X is 
a smooth scheme X. From this description we deduce the expected compatibility 
between pushforward and pullback with respect to maps in a certain cartesian 
diagram. 

In Section 3 we collect and prove the remaining facts, which we need to show 
that (X, $) i — y ®i,jH\(X,WQ, x ) is a weak cohomology theory with supports in 
the sense of |CR09j . In particular, we need the cycle class constructed by Gros in 
|Gro85j . From this we deduce Theorem[TJ above. In 13. 61 we prove the two vanishing 
Lemmas, which give a criterion for certain correspondences to act as zero on certain 
parts of the Hodge- Witt cohomology. In 13.71 we introduce the notation dRWx,Q, 
which is the Q- linearization of dRWx- In general, for M g dRWx the notation 
Mq means the image of M in dRW^.Q (which is not the same as M <E>z Q)- 

In Section 4 we introduce the Witt canonical system W,u>x for a pure-dimensional 
fc-scheme X and prove some of its properties. Moreover we show in 14.21 that the 
cohomology of WO and Ww for a topological finite quotient is a direct summand of 
the Hodge- Witt cohomology of a certain smooth scheme. Then we prove Theorem 
[2] and define Witt rational singularities. It follows some elaboration on this notion, 
in particular the Theorems [3J [4j EI 
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Finally in Section 5 we prove some results on torsion, as in Theorem |6] In order 
to do this, we show that a correspondence actually gives rise to a morphism in the 
derived category of modules over the Cartier-Dieudonne-Raynaud ring and then 
use Ekedahl's Nakayama Lemma to deduce the statement from [CR09J. 

We advise the reader who is mostly interested in the geometric application to 
start for a first time reading with Section 11.11 and 11.21 to get some basic notations 
and then jump directly to Section 4. 

0.7. Notation and general conventions. We are working over a perfect ground 
field k of characteristic p > 0. We denote by W n = W n (k) the ring of Witt vectors 
of length n over k and by W = W(k) the ring of infinite Witt vectors. By a k- 
scheme we always mean a scheme A, which is separated and of finite type over k. 
If A and Y are /c-schemes, then a morphism X — > Y is always assumed to be a 
fc-morphism. 



1. De Rham-Witt systems after Ekedahl 



1.1. Witt schemes. For the following facts see e.g. [111791 0.1.5], [LZ04, Appendix 
A]. Let A be a fc-scheme. For n > 1, we denote 

W n X = (\X\,W n O x ) = SpecVF„0x, 

where W n Ox is the sheaf of rings of Witt vectors of length n. This construction 
yields a functor from the category of A;-schemes to the category of separated, finite 
type Wn-schemes. If / : A — > Y is a separated (resp. finite type, proper or etale) 
morphism of fc-schemes, then W n f : W n X — > W n Y is a separated (resp. finite 
type, proper or etale) morphism of W„-schcrnes. If / is an open (resp. closed) 
immersion, so is W n f. We denote by i n : W n ~\X W n X (or sometimes by i n ,x) 
the nilimmersion induced by the restriction W n Ox W n -\Ox- We will write 
7r : W n Ox — > in*W n -\Ox instead of i*. The absolute Frobenius on X is denoted 
by F x : X -> X. The morphism W n (F x ) : W n X -> W„X is finite for all n. 
With this notation the Frobenius and Verschiebung morphisms on the Witt vectors 
become morphisms of W^Ox-modules 



F = W n (F x y 



W n O x -> (W n (F x )i n ).W n -iO x , 



V : {W n {F x )in)*W n ^Ox W n O x . 
Further "lift and multiply by p " induces a morphism of W n Ox-modules 

p-.ln^Wn-xOx^WnOx- 

If / : A — » Y is a morphism of fc-schemes, then we have W n (f)i n} x — in,YW n -if 
and W n {f)W n (F x ) = W„(F Y )W n (f). If / : X -> Y is etale, then the following 
diagrams are cartesian: 



(1.1.1) 



W n -!X^ 
W n -if 

Wn-xYC- 



w n x 

Wnf 

W n Y, 



W n (F x ) 

w n x — +w n x 



Wnf 



Wnf 



Wn(F Y ) 

W n Y—^W n Y. 
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1.2. De Rham-Witt systems. 

Definition 1.2.1. For an integer n > 1 we denote by C n the category of Z-graded 
W„(9x-modules on A. We define 

n&,n>l 

For an object M € Cn and n > 1 we denote by M n the n-th component. An 
object M mCf$ is (quasi-) coherent, if all M n are (quasi-)coherent W n (Ox )-modules. 
We denote by CN, qc (resp. Cn, c ) the full subcategory of (quasi-) coherent objects of 
Cn- There arc two natural cndo-functors: 




i n *M„_i if n > 1, 
ifn=l, 
(7 : Cn Cn 
(ct*M)„ := W„(F x ) st M„ 

The two functors commute 

(1.2.1) cr*i* = i*<7*, 

since VF„(F X )*«„* = « n *W„_i(F x )*. 

We will also need the following functor: 

: Cfi — > Cn 

(S,M)„ := W„(F X )"M„. 

We have the equalities 

(1.2.2) (7 * 2 * Xj * = (T*X]* — S^fJ^. 

Furthermore, since the components of M G Cn are Z-graded we can define for 
alii e Z the shift functor 

(1.2.3) M(i) n := M n (i). 

The shift functor commutes in an obvious way with i,, <r*, £*. 

Definition 1.2.2. A graded Witt system (M, F, V, n,p) on A is an object M in Cn 
equipped with morphisms in Cn: 

F : M -> (j*i*M, V : cr«i»M — > M, 7r : M — > i»M, £ : i*M -> M, 

such that 

(a) I'of is multiplication with p, 

(b) foy is multiplication with p, 

(c) er*i*(7r) o F = i*(-F) o 7r, 

(d) 7T o V = i*(V o cr»(7r)), 

(e) i* (er* (p)oF) = Fo p, 

(f) ^o (T ,j t (p)=poj t (V) ) 

(g) i*(po 7r) = 7T 0£. 

Graded Witt systems form in the obvious way a category which we denote by Wx ■ 
It is straightforward to check that Wx is abelian. 
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We have an obvious forgetful functor Wx — > Cn- We say that (M, F, V, tt,p) is 
(quasi-) coherent if M n is (quasi-)coherent for every n. 

Remark 1.2.3. One should memorise (c) as "ttoF = Fott", (d) as "ttoV — Voir" , 
(e) as "p o F — F o p" , (f ) as Top=po V" , and (g) as "p o tt = it o p" . 

Definition 1.2.4. A de Rham-Witt system (M,d) is a graded Witt system M 
together with a morphism in Wx' 

d : £*M -> £*M(1), 

such that the following conditions are satisfied: 

(a) E*F(1) orfoS.F = alud (we usedt TXg), 

(b) £»7r(l) o d = a^i^d o E*(7r) (we used ll.2.2j) . 

(c) do S»(p) = E(p) o CT*i*d (again, we used II. 2. 2|) . 

(d) d(l)od = 0. 

De Rham Witt systems form in the obvious way a category which we denote by 
dRWx- We say that a de Rham-Witt system is (quasi-) coherent if the underlying 
graded Witt system is. We denote the category of (quasi-) coherent de Rham-Witt 
systems by dRW^qc (resp. dRWx, c )- It is straightforward to check that dRWx, 
dRW^qc and dRW x , c are abelian. We denote by L>+(dRW x ), L>+(dRW x , q c) and 
D + (dRWx, c ) the corresponding derived categories of bounded below complexes. 

Remark 1.2.5. One should memorise (a) as l: F odoV — d", (b) as "7r o d — d o tt" , 
and (c) as "do p = p o d" . 

Definition 1.2.6. A de Rham-Witt module (M, F, V, d) is a graded WOx-niodu\e 
M together with morphisms of W^Ox-niodules 

F : M -> W(F X )*M, V : W{F X )*M M 

and a morphism of W / (fc)-modules 

d : M M(l) 

such that 

(a) F o V is multiplication with p, 

(b) V o F is multiplication with p, 

(c) FodoV = d, 

(d) d(l)od = 0. 

De Rham-Witt modules form in the obvious way a category which we denote 
by dRWx- It is straightforward to check that dRWx is abelian. We denote by 
D + (dRWx) the derived category of bounded below complexes of de Rham-Witt 
modules. 

Example 1.2.7. Let A be a fc-scheme 

(1) The sheaves of Witt vectors of finite length on X define a coherent graded 
Witt system 

W.O x = ({W n O x }n>i,ir,F, V,p), 

which is concentrated in degree 0. If A = Spec k , we simply write W, 
instead of W.k. 
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(2) The de Rham Witt complex of Bloch-Deligne-Illusie W,Vlx is a coherent de 
Rham-Witt system (see |I1179| ) and Wfl x = hm n W n n x is a de Rham-Witt 
module. 

(3) Let M be a de Rham-Witt system on X and i € Z. Then we define 

M(i) := ({M„(i)}n>i,7r M ,-FM,^ M ,(-l)^M,£ M ) G dRW x . 

1.3. Direct image, inverse image and inverse limit. 

1.3.1. Let / : X — > Y be a morphism between fc-schemes. We get an induced 
functor 

/„ : C N , X -> C N , y , (M n ) ^ (W n (/)*M B ) 
which commutes in the obvious way with i», a, £*. We thus obtain a functor 

/» : dRW x -> dRWy. 

1.3.2. Let / : X 7 be an efaZe morphism between fc-schemes. We get an 
induced functor 

/* : C N ,y -> C N , X , (M n ) ^ (W n (/)*M n ) 
which by ([l.l.ljl commutes with £*, er, E*. We thus obtain a functor 

/* : dRWy -> dRWx- 

1.3.3. Let (Af, F, V, 7T, p, d) be a de Rham Witt system. Then (M, 7r) forms natu- 
rally a projective system of JYOjf -modules, F and Y induce morphisms of pro- 
jective systems of lYCx-modules F : (M,tt) -> (W(Fx)*M, W(F x ).7r), V : 
(W(Fx)*M, W(Fx-)*7r) — > (M, 7r) and induces a morphism of projective systems of 
WO)-modules d : (M,tt) -> (M(l), tt(1)). We thus obtain a functor 

Km : dRWx -> dRW x . 

1.4. Global sections with support. 

Definition 1.4.1. A family of supports 4> on X is a non-empty set of closed subsets 
of X such that the following holds: 

(i) The union of two elements in 4> is contained in 4>. 

(ii) Every closed subset of an element in 4> is contained in 4>. 

Let A be any set of closed subsets of X. The smallest family of supports $,4 
which contains A is given by 

n 

(1.4.1) <£ A :={\JZl ;Z> C Z i G A}. 

closed 

i=l 

For a closed subset Z C X we write $z for &{z}- 

Notation 1.4.2. Let / : X — > Y be a morphism of schemes and 4> resp. 4' a family 
of supports of X resp. Y. 

(1) We denote by / _1 (4 y ) the smallest family of supports on X which contains 
{/-!(£); Ze*}. 

(2) We say that / | 4> is proper if / | Z is proper for every Ze $. If / | 4> is 
proper then /($) is a family of supports on Y. 

(3) If $i, $2 are two families of supports then 4>i n $2 is a family of supports. 
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(4) If $ rcsp. ^ is a family of supports of X rcsp. Y then we denote by $ x 
the smallest family of supports onXxtF which contains {Z\ x Z^'.Zi e 

1.4.3. Let $ be a family of supports on X. There is a well-known functor 

E $ :C n ,x ^Cn,x, (Af„) ^ (E,(M n )). 

Since T $ commutes in the obvious way with i*, cr, £* we obtain 

T $ : dRWx -> dRWx- 

For a closed subset Z C X we also write T z instead of £ $z . 

If / : X — > y is a morphism and a family of supports on y, then 

(1.4.2) r*/* = /*£/-!(*)• 

If / : X — > y is a morphism and $ is a family of supports on X , then we define 

(1.4.3) U ■= /.°E 4 : dRWx -> dRWy, 

(1.4.4) U := hmo/$ : dRWx -> dRWy. 
Notice that if $ = $2, with Z a closed subset of X, then 
(1-4.5) U z = /* o r$ z o hm . 

This relation does not hold for arbitrary families of support on X. 
1.5. Derived functors. 

Lemma 1.5.1. Let (X, Ox) be a ringed space and E — (E n ) a projective system 
of Ox -modules (indexed by integers n > 1). Let B be a basis of the topology of X. 
We consider the following two conditions: 

a) For all U eB, H l {U, E n ) = for all i,n>l. 

b) For all U G B, the projective system (H°(U, E n )) n >\ satisfies the Mittag- 
Leffler condition. 

Then 

(1) If E satisfies condition a), then R l jim^ E n = 0, for all i > 2. 

(2) If E satisfies the conditions a) and b), then R l lim^ E n = 0, for all i > 1, 
i.e. E is hjxi- acyclic. 

Proof. It is a basic fact that there are sufficiently many injective Ox-modules. 

Notice that a projective system of Ox-modules / = (/„) is injective if and only 
if each I n is an injective Ox-module and the transition maps I n +i — > I n are split 
surjective. (The "if" direction is easy, as well as / injective implies each /„ is 
injective. If / is injective, let J be the projective system with J„ = I\ © . . . © I n and 
projections as transition maps. We have an obvious inclusion of projective systems 
I J, hence a surjection Hom(J, I) — > Hom(/,7). Now a lift of the identity on / 
together with the split surjectivity of the transition maps of J gives the splitting of 
the transition maps of /.) 

Now let E — > I* be an injective resolution (which always exist). The transition 
maps of the projective system (of abclian groups) (T(U,I%)) n are surjective (since 
split) for all q > and all open subsets U C X. Hence they satisfy the Mittag-Lcfilcr 
condition and are hm -acyclic. 

On the other hand, hm ^ 1% is an injective Ox-module for every q. Indeed, since 
the transition maps — > 1% are surjective and split, we may write 1% = ©™ =1 /,' 
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for I- = ker(I? — > l£_i)- The Ox-modules I' n are injective for all n, and the 
transition maps 

are the obvious projections. Thus lim^ 1% — Yii>i Ki ^ s injective. 
By using or^ = Tjj o lim we obtain a spectral sequence 

i? 1 lim ([/, £„) H i+j (U,Rl)mE n ), 

where R\imE n = Km^I*. U U £ B, condition a) implies W lim H°(U, E n ) = 
H l (U,R)jmE n ) = H l (\xmI'{U)). We know that R i ^mH a (U 1 E n ) is zero for all 
i > 2 and in case condition b) is satisfied also for all i > 1. Now the assertion 
follows from 

lim H i (U 1 R\m\E n )= lim JT(lim I'{U)) = (R l lim E n ) Xl 

for all xeX. □ 

Lemma 1.5.2. Let A be a sheaf of abelian groups on a noetherian topological space 
X. If A is flasque, so is T_$(A) for all families of supports <fr on X . 

Proof. Let Y and Z be two closed subsets of X. Since r z (I) is injective if I is 
f |SGA2[ Exp. I, Cor. 1.4]), there exists a spectral sequence H{ r (X,'H j z (A)) =^ 
ILp~J z (X, A). Now assume A is flasque, then T-L J Z {A) = for j ^ 0. In particu- 
lar H\r(X,Y z (A)) = H^ nz {X,A) = 0. Thus T Z (A) is flasque. The space X is 
noetherian and therefore r $ (A) = hni Zg$ T_z (A) i s a l so flasque. □ 

Definition 1.5.3. We say that a de Rham-Witt system on a /c-scheme X is flasque, 
if for all n 

->■ -> M n ^> M n _i -» 

is an exact sequence of flasque abelian sheaves on X, where K n = Ker(7r : M n — » 
M„_i). 

Lemma 1.5.4. Let X ie a k-scheme. 

(1) Let — !• A/' -» M -> M" — >• 6e a s/iort exact sequence of de Rham-Witt 
systems on X and assume that M 1 is flasque. Then AI is flasque iff M" is. 

(2) Let $ be a family of supports on X . Then restricts to an exact endo- 
functor on the full subcategory of flasque de Rham- Witt systems. 

(3) Let f : X — > Y be a morphism. Then /* restricts to an exact functor 
between the full subcategories of flasque de Rham- Witt systems on X and 
Y. 

(4) The functor hm : dRWx — > dRWx restricts to an exact functor from the 
full subcategory of flasque de Rham- Witt systems to the full subcategory 
of flasque de Rham-Witt modules (i.e. de Rham-Witt modules, which are 
flasque as abelian sheaves on X ). 

Proof. The proof of (1) is straightforward. (2) follows from Lemma [1.5.21 (3) is 
clear. Finally (4). It follows directly from the definition, that the transition maps 
on the sections over any open U C X of a flasque de Rham-Witt systems are 
surjective. The exactness of ljm on the category of flasque de Rham-Witt systems, 
thus follows from Lemma fl. 5.11 (2). Now let M be a flasque de Rham-Witt system. 



14 



ANDRE CHATZISTAMATIOU AND KAY RULLING 



It remains to show that ]imM is flasque again. For this let U C X be open and 
define L n = Ker(T(X, M n ) — > T(U, M n )). Thus we have an exact sequence 

(1.5.1) \imT{X,M) l\mT(U,M) -> i?4miL„. 

n 

Consider the following diagram: 



1 \ 

T(X, K n ) T(U, K n ) 

I I 

L n T(X, M n ) T(U, M n ) ^ 

L n - X T(X, M n -!) T(U, M„_i) 

I I 

0. 

All rows and columns are exact, since M is flasque. Now it follows from an easy 
diagram chase that a is surjective. Therefore R 1 hjii^ L n = and the flasqueness 
of |imM follows from (|1.5.1|) . □ 

Lemma 1.5.5. The categories dRW x anddBWx have enough flasque objects, i.e. 
any M in dRWjf (or in dRWjf ) admits an injection into a flasque object. 

Proof. For the de Rham-Witt modules this is just the usual Godement construction. 
For the de Rham-Witt systems this has to be refined as follows: Let M be a de 
Rham-Witt system. Denote by G(M n ) the W„0x-niodule given by 

G(M n )(U) = J] M ntX , UCX open, 

with the restriction maps given by projection. These sheaves fit together to form 
a de Rham-Witt system G(M) = {G(M„)}„>i, such that the natural map M — > 
G(M) is a morphism of de Rham-Witt systems. 

For m < n we denote by i m ,n '■ W m X <—} W n X the closed immersion induced by 
the restriction W n Ox —> W m Ox, in particular i n -\,n = in- We set 

G(M n _i) © G(M n ). 

Then G n (M) is a graded W n Ox -module. We define W n Ox -linear maps n, F, d, 
V, p, as follows 



7T 




(mi, . 


■ , m n ) 


' ^ (mi,...,m„_i), 


F 


: G n ->• (W n (F x )i n )*G n -i, 


(mi, . 


■ ,m n ) 


i-^ (Fm 2 , • . .,Fm n ), 


d: 


W n (F£)*G n -> W n (f5).G n (l) ) 


(mi, . 


■ , m n ) 


' ^ (rfmi, . . . ,dm n ), 


V 


: (Wn(FxK)*G n ^ -> G n , 


(mi, . 


■ ,m n - 


_i) (0,Fmi,...,Fm n -i 


p : 


in*Gn — l ^ G n . 


(mi, . 


• , rn n - 


-i) !-> (0,pmi, . . . ,pm n -i). 



It is straightforward to check that G(M) = ({G n (M)} n >i,n, F,d,V,p) becomes 
a de Rham-Witt system and it is flasque by its definition. Also, the inclusion 
M °-> G(M) induces an inclusion 

M n G„(M), (7r" _1 (m),...,7r(m),m). 
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By definition this yields an inclusion of de Rham-Witt systems M G(M) and 
we are done. □ 

Proposition 1.5.6. Let f : X — > Y be a morphism between k-schemes and $ a 
family of supports on X . Then the right derived functors 



: 


D+(dRW x ) - 


» L> + (dRW x ), 


Rf* : 


D + {dRW x ) - 


> D + {dRW Y ), 


_Rl,im 


: D+(dRW x ) - 


-> D+(dEW x ) 


Rf<s> '■ 


D+{dRW x ) - 


> L>+(dRWy), 


Rf<s> ■ 


D+(dRW x ) - 


> D+(dRW Y ), 



exist. Furthermore there are the following natural isomorphisms: 

(1) Let f : X — > Y and g : Y — > Z morphisms, then Rg^Rf* = R(g o 

(2) Let $ and 'f be two families of supports on X , then RT^RT^ = i?L $n ^. 

(3) Let f : X — > Y be a morphism and "J a family of supports on Y , then 

RE&Rf* = Rf*RLf-i(^)- 

(4) Let f : X — > Y be a morphism, then R Urn Rf* = Rf^Rlim. 

(5) Let f : X — > Y be a morphism and $ a family of supports on X . Then 
Rf$ = i?/*i?r $ and Rf$ = R\xmRf$. If Z is a closed subset of X and 
$ = <& z , then also Rf<$ z = Rf*RT z Rhm. 

Proof. The existence follows from |Har661 I, Cor. 5.3, 0] (take P there to be 
the flasque objects) together with the Lemmas 11.5.51 and 11.5.41 The compatibility 
isomorphisms follow from |Har661 I, Cor 5.5] and Lemma ll.5.41 (2)-(4). □ 

Remark 1.5.7. Let / : X —¥ Y be an etale morphism between fc-schemes. Then 
W n {f) is etale and thus W n (f)* is exact on the category of W n (0y)-modules. 
Therefore /* : dRWy — > dRWx is exact and thus extends to 

/* : L>+(dRWy) L»+(dRW x ). 

In case j : U X is an open immersion we write Mm instead of j*M for M € 
L>+(dRW x ). 

1.5.8. Cousin- complex for de Rham-Witt systems. Let X be a fc-scheme and Z* the 
codimension filtration of X, i.e. Z q is the family of supports on X consisting of all 
closed subsets of X whose codimension is at least q. Let M be a de Rham-Witt 
system on X. Take a complex of flasque de Rham-Witt systems G on X, which is 
a resolution of M, i.e. there is a quasi-isomorphism M[0] — > G. The filtration of 
complexes of de Rham-Witt systems 

GDT Z1 (G) D...DT zq (G) D ... 

defines a spectral sequence of de Rham-Witt systems 

=H% j /zi+1 (M)^H i+ i(M), 

where we put H^A^+^M) = H l+J (T zi (G)/T zi +x{G)). We define the Cousin 
complex of M (with respect to the codimension filtration) E(M) to be the complex 
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E^ coming from this spectral sequence, i.e. it is the complex of de Rham-Witt 
systems 

E(M) : n° z0/zl (M) ^ H zyz0 (M) ^ . . . -> H zi/Zi+1 (M) ^ . . . . 

It satisfies the following properties: 

(1) (E(M )) n = E(M n ) is the usual Cousin complex associated to M n (see e.g. 
|Har66l IV, §2] or jConOOl p. 107-109]). 

(2) 

E\M)=U zt/z ^{M)= i x *Hi{M), 

where H X (M) = (linj Hi-^ <U,M n )) n , which is a de Rham-Witt sys- 

tern on Spec Ox, x supported in the closed point x, i x : Spec Ox, x — > X is 
the natural map and X^ 1 ' is the set of points x of codimension i in X (i.e. 
dim Ox.x = i)- 

(3) The natural augmentation M — > E(M) is a resolution of M if and only if 
H l x (M n ) = for all x £ X^ with j ^ i and for all n > 1. 

((1) holds since each G„ is a Basque resolution of M n ; (2) follows from (1) and 
|Har66l IV, §1, Var. 8, M otif F]; (3) follows from (1) and |Har66l IV, Prop. 2.6, 
(iii)<*=S>(iv)] and |Har661 IV, §1, Var. 8, Motif F].) 

Lemma 1.5.9. Let X be a smooth k-scheme. Then E(W,ttx) is a flasque resolu- 
tion of quasi- coherent de Rham-Witt systems ofW,Qx- 

Proof. By [111791 I, Cor. 3.9] the graded pieces of the standard filtration on W n fl q x 
are extensions of locally free 0^-modules. Thus 

(1.5.2) H x {W n VL q x ) = for all x e X {j \ with j ^ i, and all q,n > 1. 

Thus E(W,flx) is a quasi-coherent resolution of W,ilx- Next we claim, that the 
transition morphisms 

(1.5.3) H x (W n n q x ) ~* Hx(Wn-in x ) 

are surjective for all x € and n > 2. Indeed, for x 6 we can always 

find an open affine neighborhood U = Spec A of x and sections ii,...,tj such 
that {x} n £7 = V(ti,. ..,U). This also implies for all n > 1, W n ({x}) nW n U = 
V([h], . . . , [U]) C W„C7, where [t] g W„4 is the Teichmiiller lift of t € A. Then by 
[SGA2I Exp. II, Prop. 5] 

h* rr (£/,w„n x ) = iim 7 , , £gjj^£) 

M nc/V ' ; -4([tif,... ) [t < ]0r(^w„fix) 

In particular the transition maps f)l -5.3[) are surjective. If we denote the kernel of 
the restriction morphism W n Clx —> W n -iflx by K n , then this and (|1.5.2[) implies, 
that the sequence 

-> E l (K n ) -> £?'(W»njc) -> ^ l (VF„_ir!x) -> 
is an exact sequence of flasque abelian sheaves on X and this proves the lemma. □ 

1.6. Witt-dualizing systems. 
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1.6.1. Let / : X — > Y be a finite morphism between two finite dimensional noether- 
ian schemes. Using the notation from |Har66i III, §6] we denote by / b : D + (Oy) — > 
D + (Ox), the functor which sends a complex C to 

/ t (C) = r 1 ^om 0r (/A,C)® / -i / , 0x O x . 

Evaluation by 1 induces the finite trace morphism on D+ c (Oy) (see Har66| III, 
Prop. 6.5]) 

(1.6.1) Trf : fj b -+ id D + (0y) 
and composition with the natural map 

(1.6.2) e f : /«fiHomx(-,-)^iJHomr(/*(-), /,(-)) 
induces an isomorphism for any A £ D~ c (Ox), B G D+ c (Oy) 

(1.6.3) 6 f = Trf/ o e/ : URHoxa x {A, f B) RHomy (f*A, B). 

In particular, we see that for any morphism ip : f^A — > B in D qc (CV) , with A 
bounded above and B bounded below there exists a morphism a ip : A — > yB in 
D qc {Ox), such that ip equals the composition 

UA fjB B. 

We call a ip the adjoint of <p. 

1.6.2. Let X be a fc-scheme and denote by D(C® t x) = Y\ n >i B{C n ^x) the derived 
category of Cm- Since the morphisms i n and W n (i 7 A') are finite for all n, the functors 
2* , cr * , are exact and extend to functors on D(C^), which still satisfy the identities 
PXT|) . dOHJ). On D+(C N ) we define i b , cr b , £ b as follows: 

(z b M)„ := ^ +1 M„ +1 , {a b M) n := W„(F x ) b Af„, (S b M)„ = W n {F x ) b M n . 

There is an obvious way to define Trf^, Trf CT , Trfs, e CT , es such that the compo- 
sitions 

uRHoxa{M,i'N) A RHoxa{uM,ijN) RHom(i*M,N), 

o-*RHom{M,<T b N) RHom{aM, a^N) KHom(o-*M,N), 

E*i?-Hom(M,S b iV) EHom(S*M, S*S b 7V) RHom^M, N) 
are isomorphisms for M e D~ c (Cn) and iV € Di.^)- 

Definition 1.6.3 ( Eke84, III, Def. 2.2]). A FKztt quasi- dualizing system on X is 
a collection (Q,p, C, V) where Q is an object in Cn tqc and 

p : i*Q -> Q, C : £*<2 -> Q, V : <7,i*Q -> Q 

are morphisms in Cn such that the following holds: 

(a) Vocr*i*C = CoE*p ? 

(b) p o i^V = V o a^i^p. 

A Witt dualizing system is a Witt quasi-dualizing system, which has the addi- 
tional property, that the adjoints 

(1.6.4) a p:Q^i b Q, a C:QAs b Q, 7:Q4 i b a b Q 
are quasi-isomorphisms. 
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A morphism tp between Witt (quasi-) dualizing systems is a morphism in Cn 
commuting with p, V, and C. 

A Witt (quasi-) dualizing system (Q, p, C, V) on X is called coherent if Q n is 
coherent for all n > 1. 

Example 1.6.4. (1) The system 

W.lu := ({W n } n >i, p, C := {W n (F Speck )- n }, V := {^(Fspecfe)" 1 ^}) 

is a Witt dualizing system on Spec k, where p is the usual map "lift and 
multiply by p" , which is concentrated degree 0. For this, first notice that 
W n is an injective W^-module for all n > 1. Then one easily checks that the 
following maps are isomorphisms and adjoint to p, C and V respectively: 

W. ^ i b W. = Hom w .{i*W.,W.), a^(b^ pab), 

W. ^ Z b W. = Hom W .((^*W.),W.), (b^Cab), 
W. ^ i b a b W. = Homw. {a*i*W.,W m ), a^(b^ Vab). 
(2) Let X be a smooth fc-scheme of pure dimension N. Then 

W.uj x := ({W»fi£}„>i,£, C, V) 

is a Witt dualizing system which by definition is concentrated in degree N. 
Here p is "lift and multiply by p" and V is the Verschiebung. On the n-th 
level C is defined as the composition: 

C n : (£*W.Q£) n -> (^WM^/diW.n^- 1 )^ (C "" rl > W n tt%, 

where C~ n : W n Q^ ^ W n {F^W n Vt^ / diWuVt 1 ^' 1 ) is the inverse Cartier 
isomorphism from [IR83, III, Prop. (1.4).]. One easily checks that p, C n 
and V satisfy the relations (a), (b) in Definition (11.6.31) . The condition on 
the adjoints (11.6.41) is harder and follows from Ekedahl's result W n flx = 
W n (f) ] W n , with / : X —> Spec k the structure map, see |Eke841 I and II, 
Ex. 2.2.1.]. Notice that W,ujs pec k = W,u. 

1.6.5. Let (Q,p,C,V) be a Witt dualizing system on X. We may express the 
equalities in (|1.6.4p as 

H°( a p):Q^H a (f b Q) and H°(f b Q)[0] £* f b Q, 

where (/, ip) <E {(i,p), (a, V), (S, C)}. Therefore by the definition of the adjoints, p, 
C and V factor as follows: 

p:,Q^^Q)^>0, 

C : E,Q - H ° {ac \ S^°(E b Q) Q, 

V : <r*i*Q > cr*i*h (i \ a Q) > Q. 

Furthermore it follows from ll.6~2l that the natural transformations 

poa : i*Homc N ((-),Q) -> %om CN (i*(-), Q), 
C o e E : £*ftomc N ((-),<9) -> Hom CN (£.(-), Q), 
V o e CTl : (T*i*Komc N ((— ),Q) %ome N (cr*4(-), Q) 
are isomorphisms when restricted to the category Cpj.qc- 
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1.6.6. Let M be a quasi- coherent de Rham-Witt system and Q a Witt dualizing 
system on X. Then we may define maps tt, F, V, d and p on / Homc N (M, Q) G Cn 
as follows: 

tt : Hom(M, Q) ^> Hom(uM, Q) ^ > i*Hom(M, Q), 
F : Hom(M, Q) ^ Hom(o-J*M, Q) (Voe '" ) \ aJ*Hom(M, Q), 
V : o-J*Hom(M, Q) {Vot "\ Hom(aJ*M, Q) ^ Hom{M, Q), 
p : i*Hom(M, Q) ^ Hom(uM, Q) ^ Hom{M, Q), 

d : Z*Mom(M,Q) (Co<:s) > Hom(E*M,Q) ^ Wom(E,M(-l),Q) 

Hom(^M, Q)(l) (C ° es) \ E,Kom(M, Q)(l), 

where the isomorphism a : Hom(E*M(— 1), Q) ^> "Hom(E*M, Q)(l) is given by 
multiplication with (— 1) 9+1 in degree q. 

Proposition 1.6.7 ( Ekc84 ( III, 2.]). The above construction yields a functor 
Uom(-,Q) : (dRW x , q c)° — >■ dRW x , 

which has the following properties 

(1) A morphism of Witt dualizing systems Q —> Q' induces a natural transfor- 
mation of functors 'Hom.(— , Q) — > "Hom(— , Q'). 

(2) The functor Hom(—, Q) restricts to a functor (dRWx, c )° — > dRWx.qc and 
if Q is coherent, then also to (dRWx,c)° — > dRWx.c- 

(3) For all M g dRW x , qc cmd all m € Z there is a natural isomorphism 

Hom(M(m), Q) ~ Hom(M, Q)(-m), 

given by multiplication with (— l)?"^ ~~2 " in degree q and a natural iso- 
morphism 

Hom{M, Q(m)) ~ Wom(M, Q)(m) 

given by the identity in each degree. (There is some freedom in defining 
these isomorphisms; our choice is compatible with the sign convention for 
complexes in |Con00j . ) 

Proof. It is straightforward to check the relations in Definition 11.2.41 □ 

1.7. Residual complexes and traces. In this section A will always be a regular 
local ring, all schemes are of finite type over A and all morphisms will be A- 
morphisms. The results of this section will be applied in the next sections in the 
case A = W and schemes of finite type over W n , some n. 
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1.7.1. Review of residual complexes. The general references for residual complexes 
are |Har66[ VI], ConOO, 3.2]. Let X be an v4-scheme. A residual complex on X 
is a bounded complex K of quasi-coherent and injective Ox-modules, which has 
coherent cohomology and such that there exists an isomorphism of Ox-modules 
(B ge z K q — (Bxex ix*J{x), where i x : Spec Ox, a; ^ X is the inclusion and J(x) is 
an injective hull of k(x) in Ox,x (i-e. it is an injective Ox,a;-module which contains 
k(x) and such that, for any O^aG J(x) exists a b E Ox,x with ^ ba E k(x)). It 
follows that i xif J(x) is supported in {x}. The codimension function on X associated 
to K is the unique function dx ■ \X\ — > Z such that K q = ® dK ,( x ) =q ix*J{x) for 
all q. If xq is an immediate specialization of x G X, then di{(xo) = dxix) + 1. 
The filtration . . . C Zj^ C Zj^ - C . . . C V associated to K is defined by := 

dx{x) > g}. On each irreducible component of X this filtration equals the 
shifted codimension filtration. 

If R E D h c (X) is a dualizing complex with associated codimension filtration 
Z' (see [ConOO, 3.1] for these notions), then the Cousin complex Ez»(R) of R 
with respect to Z* is a residual complex with associated filtration also Z* . In 
D h c (X) we have R = Ez>(R) (since a dualizing complex is Gorenstein). Particular 
examples of dualizing complexes are W n on X = SpecW^, Ox[0] in case X is 
regular, uix[N] — il^^ A [N] in case X is smooth of pure dimension N and more 

general f ] R E D b c (X'), where / : X' — > X is a finite type morphism and R is a 
dualizing complex on X. 

On the other hand any residual complex on X is a dualizing complex when 
viewed as a complex in D b c (X). Furthermore, if if is a residual complex on Y with 
filtration Z' ', then we have an equality of complexes Ez, {K) = K. 

1.7.2. (— ) ! for residual complexes. Let / : X — > Y be a finite type morphism 
between A-schemes and K a residual complex on Y with associated filtration Z* K =: 
Z* (which exists by the above). Then there is a functor f A from the category of 
residual complexes with filtration Z' on Y to the category of residual complexes 
on X with a fixed filtration denoted by f A Z', having the following properties: 

(1) For two finite type morphisms / : X — >• Y and g : Y — >• Z of A-schemes, 
there is an isomorphism c/ )5 : (gf) A — > f A g A , which is compatible with 
triple compositions and such that Qd,/ = id = c/,id- 

(2) If / : X — > Y is smooth and separated of relative dimension r, then there 
is an isomorphism 

¥>/ : f A K A £ rlz . [r] (^ /y [r] ® f*K). 

Here £y-i z .[ r ](fi x , y [r] ® is the Cousin complex associated to the 

complex $l r x ,y[r\®f*K and the filtration f~ 1 Z'[r]. If we have two smooth 
separated maps of some fixed relative dimension / and g as in (1), then 
Cf t g is compatible with the natural map on the right. 

(3) If / : X Y is finite, then there is an isomorphism 

V/ : f A K ^ E f - 1Z '(f*RHom OY (f*Ox,K)) = f*Hom OY (.UO Xl K), 

where we set /*(— ) := / _1 (— ) ®f- 1 f,o x ®x (which is an exact functor). 
If we have two finite maps / and g as in (1), then c/ i9 is compatible with 
the natural map on the right of the above isomorphism. 
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(4) Let 




be a cartesian diagram of A-schemes with u etale. Then there is an isomor- 
phism 

duj ■ f u — > u f , 
which is compatible with compositions in u and / and with the isomor- 
phisms in (2) and (3). Furthermore, by (2) we have u* = u A and u'* = 
and the following diagram commutes 

du,f 



,/A 



/ u 



f A u A 



W f 



A /-A 



V / 



(To prove this commutativity one may assume that / factors as I A J 5 ^4 
Y, with i a closed immersion and ir smooth and then use (2) and (3), cf. 
[ConOOl (3.3.34)].) Finally if / and g are etale, then c f>g : (gf) A f A g A 
corresponds to the natural isomorphism (<?/)* = 

In fact f A is defined by locally factoring / : X — > Y" into a closed immersion followed 
by a smooth morphism and then use (2) and (3) and glue (and then show that what 
you obtain is independent of all the choices). In D^.{X) we have f A K = f'K. For 
details, as well as more compatibilities, see |Har661 VI] and |ConOQ[ 3.2]. 



1.7.3. The Trace for residual complexes. The reference for this section is |Har661 
VI, 4,5, VII, 2] and |Con001 3.4]. Let / : X -> Y be a finite type morphism between 
A-schemes. Let K be a residual complex on Y. Then there exists a morphism of 
graded sheaves (in general not of complexes, which we indicate by the dotted arrow) 

Tr/ : fJ A K ~ A . 

which satisfies the following properties (and is also uniquely determined by the first 
three of them): 

(1) Tr/ is functorial with respect to maps between residual complexes with 
same associated filtration and Try = id. 

(2) If g : Y — > Z is another morphism of finite type between A-schemes, then 

Tr 9/ = Tr 9 ° 5*( Tr /) ° (9f)*Cf, 3 - 

(3) If / is finite, then Tr/ is a morphism of complexes and equals the compo- 
sition 



Tr/ :fJ A K 



(4) Tr / is compatible with etale base change (using the maps d u / from 11.7.21 
(4))- 

(5) If / : X — > Y is proper, then Tr/ : f*f A K — > K is a morphism of complexes. 
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(6) If / : Pjf — > X is the projection, then Tr/ is the composition (in D^(X)) 

Tr f : f*f A K Rf^n /x [n]) ® K ~ if, 

where for the first isomorphism we used 11.7.21 (2) and the projection for- 
mula, the second isomorphism is induced by base change from the isomor- 
phism 

z ^ fl"0PS,nfe /z ) = #"(ii,^ /z ), i ^ (-i)^ dt \ A "- Adt " , 
z/ z/ ti • • • t„ 

where it = {?7o, • ■ • > ^n} is the standard covering of and the ti's are the 
coordinate functions on Uq. 

(7) (Grothendieck-Serre duality, special case) If / : X — > Y is proper, then for 
any C £ D~ C (X) the composition 

Rf,RHom x (CJ A K) RHom Y (Rf*CJJ A K) RHom Y (Rf*C, K) 
is an isomorphism. It is compatible with etale base change. 

Definition 1.7.4. We denote by Sch^* the category with objects given by pairs 
(X, $), where X is a scheme of finite type over A and $ is a family of supports on 
X, and the morphisms / : (X, $) — > (Y, are given by separated A-morphisms 
/ : X —> Y, whose restriction to $ is proper and which satisfy /($) C 'P. 

Remark 1.7.5. Let {X, $) be an object in Sch^* and K a residual complex on 
X. Then T$K is a direct summand of K and is a complex of quasi-coherent and 
injective Ox-modules. Indeed the isomorphism © ?eZ K q = (§) xeX ix*J{x) (see 
HZH) implies @ qeZ T*K* ~ © We$ ^*J(x). 

Corollary 1.7.6. Lei / : (X, $) — > (Y,^) be a morphism in Sch^* and K a 
residual complex on Y , then there exists a morphism of complexes 

Tr f : Uf A K ^T^(K), 

where we set := /* o which satisfies the following properties: 

(1) Try is functorial with respect to maps between residual complexes with same 
associated filtration and Tt^ = id. 

(2) The following diagram commutes 

hf A K^U(K) 

Uf A K -if, 

where the vertical maps are the natural ones and the lower horizontal map 
is the trace from \1.7.3[ which is only a map of graded sheaves (visualized by 
the dotted arrow). By abuse of notation we write f for both, the morphism 
(X, $) — > (Y, "J") in Sch^,* and the underlying morphism of schemes X — > 
Y. 

(3) If g : (Y, VP) — > (Z,S) is another morphism in Sch^*, then 
Tl 's/ = Tr 5 ° 5*( Tr /) ° {9f)*Cf,g : 

(gfUgf) A K ^ g*Uf A g A K ^ g*g A K ^ r H (if ). 
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(4) Tr/ is compatible with stale, base change in the following sense: Let 




be a cartesian square of finite type A-schemes with u Stale; let <!>, 'J, 
<&' and be families of supports on X, Y , Xjj and U , such that f : 
(X, $) (Y, and f : (Xu, -> (U, are in Sclu,* and additionally 
u _1 (\E r ) C ty', u' 1 ($) C <£>'. XTien ~ ii A i"T is a residual complex and 
the following diagram commutes: 

u*(Tr f ) 



u*hf A K ■ 



f^f'u*K- 



Tr, 



Here the vertical maps are given as follows: First, the composition — > 
T^UtU* ~ M»r„-i^)«* — > u*r,j/M* gives by adjunction a map u*Tq, — > 
T^iU*, yielding the vertical map on the right in the diagram; similar we 
have a map it' T$ — » T_^,u'* inducing a map — > f'&u' ; the vertical 
map on the left in the diagram is then given by the composition u* /$/ A — > 

f!s,> u '*f A "' / > f!j>'f' A u* , where d u j is the map from \ 1 . 73fy (4). 
(5) Let j : U — > X be an open immersion such that $ is contained in U. Then 
j : (U, $) c y (X, $) is a morphism in Sch^,* and Ttj : j$j A K — > Y_$K is 
the excision isomorphism, more precisely: Ttj is given by the composition 



(1.7.1) 



H(X,t>) K - 

Proof. We define Try : f<s>f A K — > T_^,K to be the following composition 

(1.7.2) uf A K -> f*r f .i W f A K ~ rj,/ A iP.>r t jf . 

A priori this is only a map of graded sheaves. But we already observe, that the 
properties 1)- 4) follow immediately from the definition and the corresponding 
properties in 11.7.31 If j : (J7, $) (^>^) is an open immersion as in (5), we 
may apply the excision identity T, x ^ = T^ x to the map of graded sheaves 

Tr, : j*j A {—) *- (— ) to obtain a commutative diagram 



hj A K = T [x ^j A K ■ 



Tr, 



Now using the compatibility with base change as in (4) (in the situation j = u = f) 
implies that going around the diagram from the top left corner to the top right 
corner counterclockwise is the isomorphism {of complexes) (jl.7.ip . This gives (5) 
and in particular Tr^ is a morphism of complexes. 
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It remains to show that Tr / as defined in (|1.7.2j) is in fact a morphism of com- 
plexes. For this we factor / : X — > Y into an open immersion j : X X followed 
by a proper A- morphism / : X — > Y (Nagata compactification). Since the restric- 
tion of / to $ is proper, it follows that $ also defines a family of supports on X. 
We consider the following diagram 

Uf A K L*f*f A K T 9 (K) 

hf A K 

where the vertical isomorphism on the left is a morphism of complexes, which is 
given by 

f*H(x,<s>)f A K = f*H(x,<s>)j*f A K f*H(x,<s>)j*J A f A K ~ ^ f*H(x,<s>)f A K- 

Further Tr^ is a morphism of complexes by (|1.7.3[ (5)). The diagram is commutative 
bv ll.7.31 2) and hence Tr/ as defined in (| 1 . T.2[) is a morphism of complexes. □ 

1.7.7. Let X be a finite type ^-scheme and = Z r C . . . C Z q+1 C Z q C 
. . . C Z s — X be a filtration with r > s € Z and such that Z q is stable under 
specialization and any y G Z q \ Z q+1 is not a specialization of any other point in 
Z q . Recall that a Cousin complex on X with respect to Z* is a complex C* of 
quasi-coherent Ox _m odules, such that for all q the terms C q are supported in the 
Z q /Z q+1 - skeleton, i.e. C q ® xGZg \zi+ 1 ix*Mx, where i x : SpecC^a; ^ X is 
the inclusion and M x is a quasi-coherent sheaf on Spec Ox,x supported only in the 
closed point x. Notice that i x *M x is the extension by zero of the constant sheaf M x 
on {x}. Any residual complex with associated filtration Z* is in particular a Cousin 
complex with respect to Z*. If G is any complex of quasi-coherent Ox-modules, 
then Ez'(G) is a Cousin complex with respect to Z* . 

Lemma 1.7.8. If f : X — > Y is finite and D is a Cousin complex on X with respect 
to f~ l Z* (Z* as above), then f*D is a Cousin complex on Y with respect to Z* . 

Proof. Write D q = (B xe f-iz<i\f-iz<i+ 1 ix*N x as above, in particular N x is sup- 
ported in x. Then 

f*D q = (J) i v *My, with M y := f\x (y) * (J) i x j-^( y )*N x , 

where i x j-^( v ) ■ SpecOx.x ^ ^-(y) = X xy SpecCV,t, is the inclusion. M y is 
supported in y and this gives the claim. □ 

Corollary 1.7.9. Let f : X — » Y be a finite morphism between finite-type A- 
schemes and K a residual complex on Y with filtration Z* and C a Cousin complex 
on X with respect to f~ 1 Z*. Then the isomorphism of \1.7.9\ (7) induces an iso- 
morphism 

Hom x (<7, f A K) £* Homr(/*C, K). 
This isomorphism is compatible with etale base change and is concretely induced 
by sending a morphism of complexes ifi : C — > f A K to the composition f*C 
fJ A K ^ K. 




LM A K, 
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Proof. Since K and f A K are complexes of injectives and / is finite, 11.7. 3| (7) 
immediately gives (for all C) 

Komx(C, f A K )/homotopy = Homy(/*C, if)/homotopy. 

By Lemma Tl. 7. 81 above /*C 9 is supported in the Z 9 /Z 9+1 -skeleton, which by defi- 
nition also holds for K q , for all q. Thus there is only the trivial homotopy between 
/*C" and K. Similar with f A K and C. □ 

Lemma 1.7.10. Let f : X — > Y be a finite morphism between finite type A-schemes 
and K a residual complex on Y with associated filtration Z* . Then for all q € Z 
the following equality holds in D^ C (X) 

(f A Kr = rHom Y (f*O x ,Ki) = f\Ki)= z„J(x), 

x£f-l(Zl)\f-l(Zl+l) 

where /*(— ) := ) ®}- 1 },o x ®x> ^ : Spec Ox, x ^ X is the inclusion and 

J(y') is an infective hull of k(y') in Oy ' t y> ■ 

Proof. The first isomorphism follows from If .772\ (3), the second holds since K q is 
injective and the third is |Har66| VI, Lem. 4.1]. □ 

1.8. Witt residual complexes. Let X be a fc-schcmc. 

1.8.1. Let C(Cn) be the category of complexes of Cm. Recall that it is equipped 
with endo- functors i», <r*, £*. 

Notation 1.8.2. We say that a complex K in C(Cn) is a residual complex if K n is a 
residual complex on W n (X) for all n and the associated nitrations on |X| = |W„(X)| 
are all the same. 

We say that a complex C in C(Cn) is a Cousin complex if C n is a Cousin complex 
for all n with respect to the same filtration. 

For a residual complex K G C(Cn) we define 

{i A K) n := i A +1 K n+1 

(a A K) n := W n {Fx) A K n 

^ A K) n := W n {F^) A K n . 

This yields endo-functors on the full subcategory of residual complexes with some 
fixed filtration of C(Cn). 

In view of Corollarv ll.7.9l we get 

Kom cm (i*C,K) = Kom c( c N )(C,i A K) 

(1.8.1) Hom c(CN) (a.C, K) = Hom^c) ^ K ) 

Hom c(CN) (S,C,^) = Hom c(CN) (C, Y* A K) 

if C is a Cousin complex with respect to the filtration of K. 

Definition 1.8.3. Let X be a fc-scheme. A Witt residual complex on X is a 
collection (K,p, C, V) where K £ C(Cn) is a complex and 

p : uK K,C : T,*K K,V : a*i*K if, 
are morphisms of complexes such that: 
(a) K a residual complex, 
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(b) the morphisms p, C, V, satisfy the relations 

yod,i,C = CoE,p, p o i*V — V o o-*i*p, 
and the adjoints of p, C and V under (|1.8.1|) 

a p:K^ i A K, a C :K E A K, a V : K A i A a A K 

are isomorphisms of complexes. 

A morphism between Witt residual complexes is a morphism in C(Cn) which is 
compatible with p, C, V in the obvious sense. 

Remark 1.8.4. One should memorise the relations in (b) above as VC = Cp and 
Vp = pV. 

Remark 1.8.5. It follows from Lemma \l. 7.101 that if (K,p, C, V) is a Witt residual 
complex on X , then for all q £ Z the systems ({K q } n >i,p q , C q , V q ) are Witt 
dualizing systems. Furthermore, if Z* is the filtration of K\, then 

K n = @ iw n (x)*Jn{x), 
xezi\Z"+ 1 

where iw n (x) '■ SpecW„Ox,x ^ W n X is the inclusion and J n (x) is an injective hull 
of k(x) in W n O x ,x- 

1.8.6. By extending the notions from I1.7T21 and Corollary 11.7.61 term by term to 
C(Cn) we obtain: For any finite-type morphism / : X — > Y between fc-schemes a 
functor f A of residual complexes in C(Cn,f) with associated filtration Z* to residual 
complexes in C(Cn.x) with filtration f A Z'. For g : Y — > Z another morphism a 
canonical isomorphism c/, g : (<? o f) A = f A g A of natural transformations on the 
category of residual complexes on C(Cn,z)- For / : (X, $) — > (Y, 1 ^) a morphism 
in Schfe^ (see Definition ll.7.4|) a natural transformation Try : /$/ A — > on the 
category of residual complexes with fixed filtration in C(Cn,y). And these data 
satisfies the compatibilities from 11.7.21 and Corollary 11.7.61 

1.8.7. Let / : X — > Y be a finite-type morphism between £;-schemes. Let K be a 
Witt residual complex. We use (|1.8.1|) to define morphisms of complexes 

p : iJ A K -> f A K, C : Z*f A K -> / A if, V : <W A X -> f A K 1 

as adjoints of the compositions 

f A K fA(ap ~- ) - ) f A i A K S * A f A K 

f A R f*( a C K )^ ) f A J: A R ^ Yi A f A K, 

f A K /A(ayfc) '") f A i A a A K £* i A <j A f A K. 

Here p , Ck and Vjf denote the corresponding morphisms for if and the isomor- 
phisms on the right are induced by the isomorphisms c;y / j y etc. from 11.7.21 
(I)- 

Proposition 1.8.8. Let / : X —>Y be a finite-type morphism between k-schemes 
and K a Witt residual complex on Y . Then the system 

(f A K,p,C,V) 
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defined above is a Witt residual complex on X . Furthermore, ifg:Y—>Zis another 
finite-type morphism of k-schemes, then the isomorphism c/. g : (gof) A K = f A g A K 
from \77E7(j\ defines an isomorphism of Witt residual complexes, which is compatible 
with triple compositions. 

If f : X — >■ Y is Stale, then f* K is isomorphic to f A K. If f ; X Y and 
g : Y — > Z are etale, then the isomorphism (gf) A — f A g A is induced by the 
isomorphisms {gf)* — f*g* ■ 

Proof. First notice that if K and L are two residual complexes, then their associated 
nitrations are the same iff their associated codimension functions (see ll.7.lj) are the 
same. Since the codimension functions of the K^s are the same by assumption we 
obtain (using the formula of [ConOOl (3.2.4)]) for any x G \X\ = \W n X\ 

d {Wn}) ± Kn {x) = d Kn (W n f(x))-trdeg(k(x)/k{W n f(x))) 
= d Kl (f(x))~trdeg(k(x)/k(f(x))) 
= d f A Kl (x). 

Thus the (W n f) A K n are residual complexes and all have the same associated filtra- 
tion. The condition on the adjoints of p, C and V holds by definition. It remains to 
check the relations VC — Cp and Vp = pV, which are equivalent to a V a C = a C a p 
and a V a p = a p a V. To prove the first equality consider the following diagram 



f A K- 

% C K 

f A Yl A K ■ 



Y> A f A K ■ 



*v K 



f i K ■ 



'C K 



f A i A Yi A K ■ 



'v K 



Z A f A i A <i A K- 



i A f A K 
i A f A (Z) A K 



" A Y^ A f A K. 



Here all arrows labeled by ~ are induced by compositions of the isomorphisms c/ jff 
and their inverses with /, g appropriate and also in the two arrows labeled by a Vx 
there is such an isomorphism involved. (We also need the relation (|1.2.2|l .) The 
square in the upper left commutes since K is a Witt residual complex, all other 
squares commute because of the functoriality of the c/ i9 's and their compatibility 
with compositions. Thus going around the diagram from the top left corner to the 
lower right corner clockwise is the same as going around counter clockwise, which 
yields a C a p — a V a C. The other relation is proved by drawing a similar diagram. 
Thus f A K is a Witt residual complex. 

The second statement amounts to prove that c g j is compatible with p, C n and 
V. This follows again from the functoriality of the C(_._)'s and their compatibility 
with compositions by drawing diagrams as above, which we omit. Finally, the 
statement about etale morphisms follows from 11.7.21 (4). □ 



Lemma 1.8.9. Let (X, 4>) — > (Y, be a morphism in Sch^* an 
complex on Y . Then the complex f$f A K, with /$ := /, oT 
Witt quasi- dualizing systems (see Definition \1.6.3\) and each term (f$f A K) 
bounded complex of quasi-coherent, flasque sheaves. Furthermore 



K a Witt residual 
$; is a complex of 



is a 



Tr 



/ 



Uf^K 
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is a morphism of complexes of Witt quasi- dualizing systems, which is compatible 
with composition and etale base change, as in Corollary \1. 7. 6\ (3) and (4), and it 
is functorial with respect to maps between Witt residual complexes with the same 
associated filtration (e.g. isomorphisms). Finally, if f is an open immersion and 
^ = $ ; then Tr/ is the excision isomorphism as in Corollary \1.7.6\ (5). 

Proof. We define the maps p, C and V on f$,f A K to be the following compositions 
p : uhf A K £ Uuf A K Uf A K, 



C : X*Uf A K = U^f A K hf A K, 

V : aJ*Uf A K = U<T„i*f A K Uf A K. 

These maps obviously make f<s>f A K into a complex of Witt quasi-dualizing sys- 
tems. Also the (f A K) n are bounded complexes of quasi-coherent injective W n Ox~ 
modules (since the (f A K) n are residual complexes), thus all the (f<s>f A K) n are 
complexes of quasi-coherent and Basque sheaves. It remains to check, that the 
trace morphism commutes with p, C n and V. We will prove 

(1.8.2) Tr / op=poi # (Tr / ). 

For this, we consider the following diagram: 



,Uf A K = *■ ffyi^f K 




i*L*K /$ f A i A K — — — *- f&i* f A i A K 

Tr/ 

Ui*i A f A K 




Tr, 



Tr, 



Tr, 



Uf A K. 



The triangle in the upper left (which should be a square) commutes by the functo- 
riality of Try (Corollary 11.7. 6[ (1)), the upper square in the middle commutes by 
the functoriality of the isomorphism = and the big square in the middle 
commutes by Corollarv ll.7.61 (3). Thus going around the diagram from the upper 
left to the lower left corner clockwise, which is Tr f o p, is the same as going around 
counterclockwise, which is p o i*(Tr/). This gives (|1 .8.2[) . Similar diagrams prove 
the relations Tr/ oC = CoE»(Tr/) and V o<r»«*(Tr/) = Tr f oV. The compatibility 
of Tr f with composition and etale base change follows directly from Corollarv ll.7.6[ 
(3) and (4). The functoriality statement follows from the corresponding statement 
in ll.7.61 (1). If / is an open immersion, then so is W n f for all n and hence the last 
statement follows from ll.7!6l (5). □ 
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1.9.1. Let X be a fc-scheme and K a Witt residual complex on X. If M is a 
complex of quasi- coherent de Rham-Witt systems on X, then by Proposition II .6. 71 
and Rcmark ll.8.51 we have de Rham-Witt systems 'Hom(M l , K 3 ) E dRWx for all 
Thus we obtain a complex of de Rham-Witt systems on X, Wom(M,K) E 
C(dBWx) which is defined by 

Uom q (M,K) := J[ Hom(M l , K l+q ), 

d q n om ((f)) ■= (d\t q ° f + (-l) q+1 f +1 ° 4/)- 
In this way we clearly obtain a functor 

D K : C(dRW x , q c)° -> C*(dRW x ), M h> %om(M, K), 

It restricts to a functor Dk ■ C(dRWx,c)° — > C(dRWx,q C )- Since K n is a bounded 
complex of injective W n Ox-modules for each n > 1, Hom(M, K) is acyclic, when- 
ever M is ([Har66, II, Lcm. 3.1]). Thus Dk preserves quasi-isomorphisms and 
therefore induces functors 

D K : D(dRWx, q c)° ->■ £(dRW x ), D K : ^(dRW x , c )° -> D(dRWx, qc ). 

A morphism K ^ L ol Witt residual complexes clearly induces a natural transfor- 
mation of functors 

(1.9.1) D K ^D L . 

Notation 1.9.2. Let X be a A:-scheme with structure map px ■ X — > Spec fc. Then 
we denote by Kx the Witt residual complex p x W,ui and write 

D x = D Kx =Hom(-,K x ). 

Notice that Kx is concentrated in degree 0, since W,w is. 

Remark 1.9.3. Let X be a scheme, $ a family of supports on X and K a Witt 
residual complex. Then wc have the following equalities on C(CN, qc ) 

T^D K (-)=L^nom(-,K)=Hom{-,r^K). 

Therefore, if M is a complex of quasi-coherent de Rham-Witt systems on X, then 
Hom(M,T_^K) inherits the structure of a complex of de Rham-Witt systems from 
H<s>Dk(M). Furthermore T^(K) n is a complex of injectives (by Remar UI.7.5[) . 

Hom(-,r*K) : fl(dRWx, q c)° -> D(dRWx). 

Proposition 1.9.4. Let f : (X, $) — > (Y, ^P) 6e a morphism in Schfc.*, K a Witt 
residual complex on Y and M a bounded above complex of quasi- coherent de Rham- 
Witt systems on X . Let 

d f : UD f A K (M) -> T 9 D K (f.M) 

be the composition 

UHom{MJ A K) ^ Hom{f*M,Uf A K) Uam(f m M,T*K)> 

Then $f is a morphism of complexes of de Rham- Witt systems on Y and it has the 

following properties: 

(1) It defines a natural transformation between the bifunctors /$Kom(-, f A —) 
and %om(/*— ,J3#(— )) defined on the product of the category C~ (dRWjc, q c) 
with the category of Witt residual complexes with the same associated fil- 
tration. 
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(2) It is compatible with composition, i.e. if g : (Y, — > (Z,B,) is another 
morphism in Schk,*, then d g f = o o Cf, g . 

(3) /i is compatible with Stale base change as in Corollary \1.7.6] (4). 

(4) Le£ j : ?7 <—} X be an open immersion, such that $ is contained in U , then 
"t}j : j$Hom(—,j A K) - Hom(j^(— ), T $ A") is £/ie excision isomorphism 
(cf. Corollary \rn\ (5)). 

Proof. We have to show, that df commutes with tt, F,d,V,p. Recall from 11.6761 
how the de Rham-Witt system structure on 'Hom(A/, Q) is defined, where M is a 
de Rham-Witt - and Q a Witt dualizing system. For example the map it is uniquely 
determined by the property that it makes the following diagram commutative: 

op 

Hom(M, Q) — Uom(i*M,Q) 

"S-Q 

i*Hom(M,Q) — ej -+Hom(i*M,i*Q)- 

The maps F, d, V, p are defined uniquely by making similar diagrams commutative. 
Using these diagrams, the second part of ll.6.5l and Lemma [L879] it is straightforward 
to check the compatibility of d f with the de Rham-Witt system structure. (Notice, 
that $f factors over 'Hom(/*M, f^,f A K), which in general will not be a de Rham- 
Witt system, since f$f A K will not be a complex of Witt dualizing systems. But it 
is a complex of Witt quasi-dualizing systems, which is sufficient to conclude.) Thus 
$f gives a morphism of complexes of de Rham-Witt systems. The functoriality of 
■dj in M is clear and in K follows from the functoriality of Tr/ : /$/ A — > id (see 
Lcmma ri.8.9[) . The properties (2)- (4) follow from the corresponding properties of 
Trj, see Lemma [L8T9J 

□ 

1.10. Ekedahl's results. 

Theorem 1.10.1 ( |Eke841 11, Thm 2.2 and III, Prop. 2.4]). Let X be a smooth 
k-scheme of pure dimension N. Then the morphism induced by multiplication 

WMx ^ nom{W.n X , W.u x ), a^(/3^ a/3). 

is an isomorphism of de Rham- Witt systems. Furthermore 

£jd,\ Vn0x (W n fl x , W n oj x ) = 0, for all i,n>l. 

Proof. This is all due to Ekedahl. Let us just point out that W,u>x sits in degree 
N, hence the multiplication map is a graded morphism; and that C n d = gives 
the equality 

C n (xdy) = (-l) q+1 C n (d(x)y), for all x £ W n Q. q x , y € W n n%~ q 

and this together with the sign a introduced in the definition of d in 11.6.61 (which 
is missing in |Eke84] ) gives the compatibility with d. □ 

Lemma 1.10.2 QBER10, Prop. 8.4, (ii)]). Let X' be a smooth W n -scheme and 
denote by X its reduction modulo p. Let ip : W n ^x — > ff ?^DR(-^'/^»)) with 
a = W n (Fsp e ck), be the canonical isomorphism of graded W n -algebras from [IR831 
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III, (1.5)]. Then ip is the unique morphism, which makes the following diagram 
commutative 

W n +lflx' /W n ~~ *~ ^JC'/ffn 

w n n x ^ n' DR (x'/w n ). 

Here W n +\Qx' /w n * s the relative de Rham-Witt complex defined in |LZ04] and the 
vertical maps are the natural surjections. In particular we have 
n— 1 n—1 

(1.10.1) <pQ2 V*([ai])) = £ F n V\[hf\) = af + paf" + . . .+p n ~ 1 a p n -i 

i=0 i=Q 

and 

(1.10.2) 

n — 1 n — 1 

<p(J2 dV*{[0i])) = F n dV\[a l ]) = af^dao + ~a^ 1 - 1 d~a 1 + ... + aP n Z\da n -i, 

i=0 i=0 

where the on are any liftings of a,i G Ox to Ox 1 ■ 

Theorem 1.10.3 (Ekedahl). Let X be a smooth k-scheme of pure dimension N 
with structure map px ■ X -> Spec/c. Then {W nPx )-W n € D b c (W n X) is concen- 
trated in degree —N, for all n > 1 and there is a quasi-isomorphism of complexes 
of Witt dualizing systems (see Example \1.6.4\ (1) and (2)) 

t : W.u x {N)[N] ^K x = P^W.lo, 

such that 

(1) The map t\ : f^[7V] p^k is the classical (ungraded) quasi-isomorphism, 
i.e. it is the composition of the natural quasi-isomorphism Cl^[N] Ez»m](^ 
with the inverse of \ 1 . 7. 2\ (2). Here Z*\N] is the shifted codimension filtra- 
tion of X and Ez'[n] the Cousin functor. 

(2) r is compatible with stale pullback, i.e. if f : U — > X is etale, then the 
following diagram commutes 

f*W.u x (N)[N] — ^ f*K x = FpxW.oj 

W.wu(N)[N] TJL ^ K v = p^W.lu, 

where pu : U — > Specfc is the structure morphism ofU, the vertical isomor- 
phism on the right is induced by f* Px — f A Px — Pu an d ^ e isomorphism 
on the left is induced by {W n f)*W n £l% = W n ^ , n > 1 (see |Hr79l I, Prop. 

i.i4];. 

Proof. We do not write the shift (N) in the following (the statement about the 
grading being obvious). In [Eke84, I,Thm. 4.1] it is proven that one has an iso- 
morphism r„ : W n Q% ^ {W nPx )-W n [-N] in D b c {W n X). (We give a sketch of the 
construction in case X admits a smooth lift over W n in the remark below.) Let Z* 
be the filtration by codimension on W n X. For C any complex let Ez»(C) be the 
associated Cousin complex. Then Ez> induces an equivalence from the category 
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of dualizing complexes with nitration Z* in D h c (W n X) and the category of residual 
complexes with associated filtration Z° on W n X with quasi inverse the natural 
localization functor (see [ConOOl Lem. 3.2.1]). Thus we obtain an isomorphism of 
residual complexes 

E z .(W n n%) A E z .((W nPx )-W n [-N}) S (W nPx ) A W n [-N]. 

By Lemma [1.5.91 the natural map W n fl^ — > Ez> (W n fl x ) is a resolution, for all 
n > 1 (by [Har66, IV, Prop. 2.6.]). Therefore we obtain a quasi-isomorphism (by 
abuse of notation again denoted by t„) 

r n :W n n N x [N] ^ (W n p) A W n . 

It follows from |Eke841 I, Lem 3.3 and II, Lem. 2.1], that the r n , n > 1, are com- 
patible with p, C™, V and hence induce a morphism of complexes of Witt dualizing 
systems as in the statement. The property (1) is proved at the end of the proof of 
[Eke841 I, Thm. 4.1, p. 198 ] and (2) follows from the construction of r„ in |Eke841 

I, 2.] (see in particular the second paragraph on page 194). □ 

Remark 1.10.4. Let us sketch for later purposes how the isomorphism r„ : W n u>x — > 
{W n px)'W n [— N) is constructed in case X admits a smooth lifting px 1 ■ X' — > 
SpecW n . For details see [Eke84[ I, 2.]. Let 

(1.10.3) <p ■. w n n x ^ c7l l n' DR (X' /W n ) 

be the canonical isomorphism of graded W„-algebras of IIR83] III, (1.5)] (see Lemma 

II. 10.21) . The composition W n O x ^> a^U^X' /W n ) -» O x > defines a finite 
morphism e : X' W n X, which fits into a commutative diagram 

X' W n X 



Px' 



W nPx 



Spec W n > Spec W n . 

It follows that ip becomes an isomorphism W n Qx e.^l^'/^n)' (Here we 
abuse the notation e* to indicate where the WnOjf -module structure on the W n - 
module TL^ R (X' /W n ) is coming from, which is of course not an Ox'-niodule.) Since 

Px 1 is smooth we have a canonical isomorphism tx> '■ <^x' /w n ~* Px'W n [— X]. Now 
Ekedahl shows, that the composition 

Wx>/w n ^ eJ x ,W n [-N] ~ eJ x ,<j nX W n [-N] 

- eJ(W nPx ) ! W n [-N] ^ [W nPx ) [ W n [-N] 

factors over e*Tl^ R (X' /W n ). Then r„ is defined as the composition 

W n uj x ^ e.Hg K (X' /W n ) -> (W nPx ) l W n [-N]. 

Corollary 1.10.5. Let X be a smooth k-scheme of pure dimension N. Denote by 
E(W m ux) the Cousin complex associated to W m ui x with respect to the codimension 
filtration on X (cf. 1 1.5.8\) . Then the maps p, C n , V on W,u>x induce morphisms 
of complexes on the system {E(W n uix)(N)[N]} n ; this defines a Witt residual com- 
plex E(W,lox )(N)[N], which is isomorphic as Witt residual complex to Kx (see 
Notation \1.9.2\) . This isomorphism is compatible with Stale base change. 
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Corollary 1.10.6. Let the notations be as above. Then there is an isomorphism 
m C b (dRWA-,qc) 

/x : E(W.Q X ) A D X (W.Q X )(-N)[-N], 
given by the composition 

E(W.Q X ) E{1AlL1V - ) E(Uom(W.tt x ,W.u x )) ^ 

Hom(W.Qx,E(W.u> x )) Cor -^^^ ) Hom(W.Sl x> K x )(-N)[-N]. 
The map fi is compatible with Stale base change. 
1.11. The trace morphism for a regular closed immersion. 

1.11.1. Local Cohomology. Let X = Spec A be an affine Cohen-Macaulay scheme 
and Z C X a closed subscheme of pure codimension c, defined by the ideal / C A. 
Let t = ti, . . . , t c € / be an yl-regular sequence with y^Jt) = ^/J, here (t) denotes the 
ideal (ii, . . . , t c ) C A. (After shrinking X such a sequence always exists.) We denote 
by K m {t) the Koszul complex of the sequence t, i.e. K~ q (t) = K q (t) = /\ q A c , q — 
0, . . . ,c, and if {ei, . . . , e c } is the standard basis of A c and e^...,,- := A . . .Ae^, 
then the differential is given by 

d- K q .{e iu ..., iq ) = df'(e ilt ... iiq ) = j2(-l) j+ \e iit ^ it . 

i=i 

We define the complex 

K'(t,M) :=Uom A (K- m (t),M), 
and denote its n-th cohomology by H n (t, M). The map 

c 

Rom A (/\A c 7 M) M/{t)M, if ^ <p(ei,..., c ) 

induces a canonical isomorphism H c (t, M) ~ M/(t)M . 

If t and i' are two sequences as above with (t r ) C (t), then there exists a c x c- 
matrix T with coefficients in A such that = Tt and T induces a morphism of 
complexes K'(t') — > K'(t), which is the unique (up to homotopy) morphism lifting 
the natural map A/{t') — ¥ A/{t). Furthermore we observe that, for any pair of 
sequences t, t' as above there exists an N > such that (t N ) C (f), where t N 
denotes the sequence t^,...,t^. Thus the sequences t form a directed set and 
H c (t,M) H c (t',M), (?) C (t), becomes a direct system. It follows from jSGA21 
Exp. II, Prop. 5], that we have an isomorphism 

(1.11.1) lhnM/(t)M = \im H c (t, M) ^ H C Z (X,M), 

t t 

where the limit is over all A-regular sequences t = t\, . . . ,t c with V((t)) — Z and 
M is the sheaf associated to M . In fact it is enough to take the limit over the 
powers t n = t™, . . . , t™, n > 1, of just one regular sequence t with V((t)) = Z. We 
denote by 

m 

the image of m S M under the composition 

M ->■ M/(t)M H c (t, M) -+ H L Z (X, M). 
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It is a consequence of the above explanations that we have the following properties: 
(1) Let t and t' be two sequences as above with (i') C (i). Let T be a c x o 
matrix with t' = Ti, then 

"det(T) m" 





m 




i 



(2) 



m + ml 




m 




m' 






t 




t _ 


+ 


t _ 




t 



= all 



a 




am 




(g) m 




t_ 




t 



(3) If M is any ^-module, then 

H% {X, G x )®aM^H z {X, M) , 
is an isomorphism. 

Remark 1.11.2. Since for an ^-regular sequence t as above K'(t) — > A/(t) is a free 
resolution, we have an isomorphism 

Ext n (A/(t),M) ~ Hom^(r(i),M). 

Notice that we also have an isomorphism 

Rom' A (K*(t),M) ~ K'(t,M), 

which is multiplication with (_i)™(™+i)/2 m degree n (see jConOOl (1.3.28)]). We 
obtain an isomorphism 

i> t ,M : Ext c (A/(t),M) A ff c (i,A/) = M/(t)M, 
which has the sign (— l) c ( c+1 )/ 2 in it. In particular under the composition 

Ext c (,4/(i), M) M/(t)M -> H%{X, M) 

the class of a map ip € Hom y i(/\ c A c , M) is sent to 



(-1) 



c(c+l)/2 



^(ei,..., c ) 
i 



Remark 1.11.3. If X = Spec ^4 is a fc-scheme and i = ii, . . . , t c is a regular sequence 
of sections of Ox, then for any n the sequence [t] = [<i], . . . , [t c ] of sections of 
W n Ox is a regular sequence. Here [ti] denotes the Teichmiiller lift of ti. Indeed 
the sequence [t] is regular iff its Koszul complex is a resolution of W n .A/([t]) and 
thus the statement follows by induction from the short exact sequence 

-> K.([i\ p ,W n -iA) ^ K.([t],W n A) -> X.(t,A) -> 0. 

Proposition 1.11.4. Lei i : Z <—} X be a closed immersion between smooth k- 
schemes of pure dimension Nz, Nx and structure maps pz, Px and let c be the 
codimension of Z in X , i.e. c = Nx—Nz- Then we have the following isomorphism 
mD b qc (W n O x ), 

(1.11.2) RT z (W n ujx) = H z {W n Lox)[-c] 

Assume furthermore, that the ideal sheaf of Z is generated by a regular sequence 
t = ti, . . . ,t c of global sections of Ox and define a morphism iz. n by 

d[t]a 



'z., 



{W n i).W n uz — ► n c z {W n uJx), a >-> (-l) c 
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with a £ W n fl^ z any lift of a, and d[t] = d[t\ 



d[t c ]. Then the following 



diagram in D^ c (W n O x ) is commutative 
{W n i),{W nPz ) A w7^^lW n iUW n i) A {W nPx ) A W n 



Try 



TZ.r, 



H c z (W n u x )[N z ] 



■ RT z {W nPx ) A W n 

~ T~x,n 

■ RT z {W n u x )[N x ] 



(W n i)*W n u z [N 2 



where Trw n i is the n-th level of the trace morphism from Lemma \l.8.9\ 



Proof. We write i n = W n i, p X , n = W n p x and W n p z = p z , n - By (|1.5.2j) we 
have H z (W n 0J X ) = for i < c. Furthermore H z (W n u) X ) = for i > c, by 
Cech considerations. (Locally the ideal of Z is generated by a regular sequence of 
length c and thus U \ Z may locally be covered by c affinc open subschemes.) 
This gives the isomorphism (|1.11.2[) . To prove the commutativity of the dia- 
gram in the statement of the proposition we have to show that two elements in 
Houiw n Ox(hi*W n ujz,'H c z (W n uj x )) are equal. This is a local question. We may 
thus assume, that the closed immersion i lifts to a closed immersion i' : Z' X' 
between smooth Wn -schemes and that there exists a regular sequence t' = t[, . . . ,t' c 
in X i which generates the ideal of Z' and reduces modulo p to t. As in Remark 
11.10.41 we obtain a commutative diagram 



Pz' 




where we write a n instead of W n (Fg pcck ). 

Consider the following diagram, in which we set A := W n [— N z ] and write (— ) ! 
instead of (— ) A : 



(1.11.3) 



\ \ 

in* WnUJz 



■ cx,RL z p'x' a ■* £x*RLz^x' /w„ 

\ ' I 
> RLzp'x ,„A -<■"-■ e x ,RT z (-H^(x')M 

RV z (w„,u x )[c] 

H%(W n u: x ). 



We give some explanations: We have A = a n A (sec Example 11.6.41 (1)) and the 
three vertical maps in the middle are the compositions 



Tr 85 



* A r^j ■ 71 ' A ■ A — 55 • 1 A 

ln*eZ*Pz'h- = ln*£Z*Pz lCJ ^ = «n*eZ*£2Pz. n A ► l n*P'z.n^ 
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•/ ■/■ I A r^j ■ ■!■ 1 n 1 A /~o ■ ./III . 

£a*«*« p x ,A = i n *Ez*t p x ,a- A = i n *e Zt i e x p Xn K 

_=i • ! ■ ! ! a Tl ' e z t • •! ! a 

r 2 n *e.Z*e,Z*n Px,n IV ' l n*1 n Px ,n A ) 

e x *RLzPx' A = i?r z e Xst p^,cr" ! A = i?r z eA-*exPx : n A — ^ #EzA,n A - 
Now one easily checks that the two squares in the middle commute. In fact, 
to see that the first of the two middle squares commute, one only needs, that 
cif, g ) '■ (gf)' — > f'g' is a natural transformation, which is compatible with triple 
compositions (see [ConOOl p. 139, (VAR1)]) and that Tr ez : ez*c z — > id is a natural 
transformation. For the commutativity of the second middle square we need the 
naturality of Try : i'J' 1 -t id and the formula (see [ConOOi Lem 3.4.3, (TRA1)]) 

Tr in o i n *(Tr ez ) o {i n e z )*{c eZt i n ) = Tr lre£z 

= Tlexi' = Tr ex ° £X*( Tl v) ° (OfO* ( c i',£x )■ 

That there exist two unique dotted arrows, which make the two outer diagrams 
commutative was proved by Ekedahl, see Remark 11.10.41 The two vertical maps 
in the two lower triangles are the isomorphisms from Lemma ll.10.21 Thus the two 
triangles commute by definition of Tz, n and Tx,n, see Remark ll. 10.41 It follows that 
the whole diagram commutes. 

Let az and a x be the following compositions 

<Tz ■ £z*uz>/w n e z* 

ox ■ ex*H z (u x ,/w n ) -> e x Ji z {H^{X'/W n )) ^ H c z (W n u x ). 
We obtain maps 
(1.11.4) 

Hom(ex *i n *^z' /W n > ^x*T~i c z (^x 1 /w n )) 

Hom(i n *W n uz ,W z {WnUx)) <: D(az K Hom(e x *i n *us z > /w n ^ c z (Wn^x)), 

with the horizontal map being injective (since az is surjective). We denote by a 
the following composition 

a := H^Tx^)- 1 o H°{Tr in o c^ PX n o Tz , n ) € Hom(i n * W n u> z , H%(W n u x )). 

The commutativity of the diagram in the statement of the proposition means, that 
a equals t z , n - Thus it is enough to show 

(1.11.5) D{a z ){a) = D(a z )(i z<n ) mB.om(ex*i n *^Z'/w n ^z(W n tJJx))- 
We define a' € Hom(j^w Z / /w^i^zi^x/Wn)) to be the following composition 

a' : H° (ii(Jz>/Wn - KPz>^ - i'J'P'x'^ — ^ RLz(Px>^) - R Lz(^x' /wj[c\) ■ 
Then diagram (|1.11.3[) says 

(1.11.6) D(a z )(a)=a x (ex*{a'))- 
We define i z > by 

iz> ■ iz>*uz>/w n -> Wzi^x'/wJ, P i-> (-l) c 
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with /3 e ^x'/w n a lift of P- Wc havc 



(1.11.7) 



D{(Tz){lZ,n) = vx(ex*(iz'))- 



Indeed, this follows from the concrete description of ax and o~z given by Lemma 
11.10.21 and from the fact that by 11.11.11 1) the following equality holds for all 



7 e w n+ iQ x f 



X'/Wn 



~dt'F n {-i)~ 




t> 





t' pn ^ 1 dt'F n { 1 ) 



= F % 



[V] 



where we set i' p " 1 := t'/ 1 1 • • • t'f \ By qi.ll.6p and qi.ll.7t) we are thus 
reduced to show 

% z < =a 'mRom(i^uj z ,/ Wn ,n z (uJx'/wJ), 
which is well-known (see e.g. [CR091 Lemma A.2.2]). □ 



2. PUSHFORWARD AND PULLBACK FOR HODGE-WlTT COHOMOLOGY WITH 

SUPPORTS 

In this section all schemes are assumed to be quasi-projective over k. We hx a 
/c-scheme S. 

2.1. Relative Hodge- Witt cohomology with supports. 

Definition 2.1.1. We denote by (Sm*/S) and (Sm*/S) the following two cate- 
gories: Both have as objects pairs (X, $) with X an ^-scheme, which is smooth 
and quasi-projective over k (for short we will say X is a smooth /c-scheme over S) 
and $ a family of supports on X and the morphisms are given by 

Hom Stn . (y,*)) = {/ G Rom s {X,Y) | is proper and /($) C *} 

and 

Hom Sm . ((X, $), (y, *)) = {/ g Hom s (X, Y) \ f-\*) C $}. 

If X is a smooth fc-scheme over 5 and Z C X a closed subset, we write (X, Z) = 
(X,$ z ) and X = (X,X) = (X,$ x ) G Obj(5'm») = Obj(Sm*) (see Definition 
11.4.11 for the notation). 

We will say that a morphism / : (X, $) -> (V, in (Sm*/S) or (Sm*/S) is 
etale, flat, smooth, etc. if the corresponding property holds for the underlying 
morphism of schemes X — >• Y. We will say that a diagram 

(x',$0 — >- (y , 
(x,$) -(r,*) 

is cartesian, if the underlying diagram of schemes is cartesian. 
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2.1.2. For (X, $) € obj(Sm*/S) = obj(Sm*/S), with structure map a : X -> 5 
we denote by H((X, $)/S) the de Rham-Witt system 

H((X,$)/S) := WazW.Qx G dRW s 

i>0 

and its level n part by U n {{X, $)/5). We denote by the de Rham- 
Witt module 

U({X,$)/S) := 0i? i aW.^x G dRW s . 

i>o 

We write 

H i ' q ((X,<S>)/S) := R 2 ag,W.n q x , H i >< 1 ((X,<Z>)/S) := R i a$W.Q. q x . 
By definition we have: 

(1) If Z C X is closed then, U{{X,Z)/S) = Q)R l a z Wtt X - In particular 
H{{X,Z)/X) = @W Z {W9. X ), in particular U(X/X) = WQ X . 

(2) Let C/ C 5 be open and set X v := X x s U and $i/ = $nl[[. Then 

H((X, *)/S)\u = H((Xu, *u)/U), H((X, *)/S)\a = H((Xu, $u)/U). 
2.2. Pullback. 

Definition 2.2.1. Let / : pT,$) -> (Y,$) be a morphism in (Sm*/S). Then 
applying i?L^ to the functoriality morphism lY.fiy- — > Rf*W m il x in D + (dRWy) 
and composing it with the natural map RTq,Rf* = Rf*RTf-i^s — > Rf*RT$ yields 
a morphism in £> + (dRWy) 
(2.2.1) 

M^(W.Qy) -> HT 9 Rf.W.Sl x = Rf,HT f -x W W.Sl x -> fl/.Jff*W.fi x . 
Let a : Y — > S* be the structure morphism. Then we define 

/* :=0# < ORa,(223}) : ^((Y*)/5") -+H((X,$)/S) in dRWs 

and 

/* := 0iT(i?lmii?a*(I2jn])) : H((Y,#)/S) -> $)/5) in dRWs . 

i 

We call these morphisms the pullback morphisms. Notice that by definition /* 
always factors as 

f* : H«y, -> /- 1 (*)/£)) u((X, $)/S), 

same with "H. 

Proposition 2.2.2. The assignments 

H : {Sm*/S)° -> dRWs, (-*, *) >-> $)/5) 

and 

•H : (Sm*/S)° -> dRWs, (X,&)i->ii((X,$)/S) 
define functors, where we set %{f) = f* and H(f) = f* , for a morphism f : 
-> (Y,#) in (Sm*/S). 
Furthermore, if U d S is open and fjj : (-Xj/, — > (Y/, Vfff/) is the pullback of 
f : (X, $) -> (Y, *) o«er (7, fen = (/*),„ on H((Y a , = 
(Vesp. onW). 
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Proof. This is all straightforward. □ 

2.3. Pushforward. Let X be a smooth fc-scheme of pure dimension N with struc- 
ture map p : X — > Specfc. Recall that we set K x — p x W,uj and that this is 
isomorphic to E(W,uj x )(N)[N), where E denotes the Cousin complex with respect 
to the codimension filtration (see Corollary II. 10. 5|) . Furthermore we have the du- 
alizing functor 

D x (-)=Uom(-,K x ) 

(see 11.6.51) . which we may view as a functor from C(dRWx, qc )° to C(dRWx) or 
from £>(dRW x ,qc)° to D(dBW x ). 

For any morphism / : (X, $) — > (Y, ^) in (Sm*/S) the composition of the 
isomorphism Kx — f A Ky (see Proposition 11.8.8]) with -df from Proposition 11.9.41 
defines a natural transformation of functors on C(dRWx,q C )° 

(2.3.1) 9 f : UD X {-) -> r*£V (/*(-))■ 

The map Of is compatible with compositions and etale base change. Furthermore, 
recall that the multiplication pairing W,fl x ®w W,Vt° x — > W,Q X induces an 
isomorphism in C h (dRWx,qc) (see Corollarv ll.l0.6|) 

(2.3.2) Mx : E(W.Qx) ^ D x (W.Cl x )(-N)[-N]. 
The map p, x is compatible with etale base change. 

Definition 2.3.1. Let / : {X, $) (Y, be a morphism in (Sm*/S). We 
assume that X and Y are of pure dimension N x and Ny ■ Consider the following 
composition of morphisms of complexes of de Rham-Witt systems on Y 

(2.3.3) f*E(W.Cl x )(N x )[N x ] ^ UD X (W.Q X ) % T^D Y (.UW.Q X ) 

^4 T^D y (W.Qy) ^ T^E(W.riY)(N Y )[N Y }. 
By Lemma Tl .5.91 this induces a morphism in £> fc (dRWy) 

(2.3.4) nuw.n x -+ Rr^W.riY{-r)[-r], 

where r — N x — Ny is the relative dimension. 

Let a : Y — > S be the structure morphism. Then we define 

/* := 0^(^a*(E3U)) : H{{X^)/S) -> H((Y, *)/5)(-r) in dRW 5 

i 

and 

/* :=0-ff*(fl]jm-Ra.Q3!lJ) : K((F, *)/5)(-r) in dRW s . 

i 

We extend these definitions additively to all morphisms / : (X, $) — » (Y, ^) in 
(Sm+fS) (where X and V don't need to be pure dimensional). We call these 
morphisms the push-forward morphisms. Notice, that since /|$ is proper, /($) is 
a family of supports on Y and /» always factors as 

/, : H((X, $)/5) -> W((Y, /(*))/S)(-r) ^> ^((Y *)/S)(-r), 
same with "H. 
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Remark 2.3.2. Without supports and for a proper morphism between smooth k- 
schcmes a similar push-forward was already defined in }Gro85| II, Def. 1.2.1]. 
(Although the verification, that it is compatible with F, V, d and n was omitted.) 

Proposition 2.3.3. The assignments 

H : (Sm*/S) -» dRWs, (X, #) i-> H((X, $)/S) 

and 

ii : (Sm*/S) -» dRWs, (X,&)h+H((X,&)/S) 

define functors, where we set H(f) = /* and H(f) — /*, for f : {X, <f>) — > (Y, a 
morphism in (Sm*/S). 

Furthermore: (1) If U C S is open and fjj : (Xu,&u) — > (Yj/)^!/) *s 
puZZ&acA; o// : -> (Y, *) oner 17, tfien / a * = on H((Xv,^u)/U) = 

%((Y, *&)/ S)\u (resp. on Ti). (2) If j : (U, $) (X, $) is an open immersion in 
(Sm*/S), then j* is the excision isomorphism. 

Proof. This follows from the corresponding properties of (|2.3.3j) . which follow from 
Proposition 11.9.41 and Corollarv ll. 10.61 □ 

For later use we record: 

Proposition 2.3.4 ( |Gro851 II, Prop. 4.2.9]). Let f : X -> Y be a finite mor- 
phism between two connected smooth k-schemes. We may view f as a morphism in 
(Sm*/Y) or as a morphism in (Sm*/Y). Then the composition 

/* o /* : W.Q Y -> W.fl Y 

equals multiplication with the degree of f . 

2.4. Compatibility of pushforward and pullback. 

Proposition 2.4.1 (Gros). Let i : Z (X,Z) be a closed immersion of pure 
codimension c in (Sm*/S). Then 

RT z W.n x [c} = H c z (W.n x ) in D+(dRWx). 

Suppose further the ideal sheaf of Z in Ox is generated by a regular sequence 
t = ti,...,t c of global sections of X , then the projection of : H(Z / X) — > 
H((X, Z)/X) to the n-th level is given by 

(2.4.1) W n (i) m W n il z -> H%(W n Sl x ){c), a h-> (-l) c d j* a , 

where we set [t] :— [ti], . . . , [t c ] and d[t] := d[ti] ■ ■ ■ d[t c ] € W n Cl x , with [ti] £ W n Ox 
the Teichmuller lift of ti, and a is any lift of a € Wnfy^Wn^lz to W n Qx- 

The above proposition is proved in |Gro85i II, 3.4], but since the proof uses a 
result by Ekedahl, which is referred to as work in progress and which we could not 
find in the literature we reprove the above proposition (using Proposition 11.11.41 
instead of a comparison of Ekedahl's trace with Berthelot's trace in crystalline 
cohomology as Gros does). 

Proof. The first statement is proven as in (jl.ll.2|) . It remains to prove the explicit 
description (|2.4.1[) . Let pz, n ■ W n Z -> SpecW„ and px,n ■ W n X -» SpecW„ be 
the structure maps, i n ■= W n {i) ■ W n Z <—> W n X the closed immersion (for this 
proof we don't use the i n defined in II. 1|) and write dimX = Nx, dimZ = Nz- 
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By Definition 12.3.11 the projection to the n-th level of i* is given by the following 
composition in D h (Cx,n) 



i n *W n n z {N z )[N z 



Mz,„ 



^ i n *RHom(W n Cl z ,Kz, n ) 
RT z RHom{i n *W n VL z ,K x ,n) 
RHom(W n n x ,T z K Xtn ) 

> RT z (W n n x )(Nx)[N x ]. 



Here fj. z<n , Hx,n and 9i n are images in the derived category of the projections to 
the n-th level of the corresponding maps from 12.31 We denote by i Z:1l the following 
morphism 



tz, n ■ (W n i)*W n u z — ► n%(W n u x ){.c), a ^ (-iy 



d[t]a 
. [t] . 



with a <E W n Qx an y °f a - Then it follows from Proposition 1 1 . 1 1 M that in the 
derived category (i*) n equals 

multipl. 



*„*W„ft z (iV z )[7v 2 



»Z,n 



> Wom(i ri »W„n^,i n ,W„a;ir(JV z )[JV2]) 
> Hom(wW„fiz,W|(W„cj x )(iV x )[iV z ]) 



,(*) 



> H|(VK„r> x )(7v x )[-c][iv x ] 



Here the isomorphism (*) is the inverse of 

n z (W n n x )(N x ) A Wom(W„Ox,K|(W n o;x)), 



a0 
t" 



It is straightforward to check, that taking H Nz {—) of this composition gives (|2.4.1j) 
and hence the claim. □ 



Corollary 2.4.2. Let i : Y <—}■ X be a closed immersion between smooth affine 
k-schemes and assume that the ideal of Y in X is generated by a regular se- 
quence ti,...,t c . Let Z C Y be a closed subset which is equal to the vanishing 
set V(/i, . . . fi) of global sections /i, . . . , ft € T(Y, Oy)- Denote by i z : (Y, Z) °-> 
(X, Z) the morphism in (Sm*/ 'Spec k) induced by i. Then the projection to the n-th 
level of i Zie is given by 

iz*, n ■ H l z (Y,W n n Y ) -> H l + c {X, W n Q x )(c), 

where a € T(Y, W n Qy) a e T{X, W n Q x ) *s some lift, [/] = [/J, . . . , [/J and [t], 
d[t] as in in Lemma \2.^.1\ 

Proof. Choose /i, . . . ,/* e O^) lifts of /i, . . . , /< and define the set Z C I 
as the vanishing locus of these /Vs. Denote by the closed immersion Y <->■ 

(X, y) viewed as a morphism in (Sm*/X). Then it follows from the first part of 



[/]. 



->(-i)< 



d[t]a 

[tun 
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Proposition 12 . 4 . ll that iz*,n equals 

Hi(X,i Y/x ., n ) ■ H l z {Y,W n n Y ) = Hi(X,i*W n Sl Y ) 

— ► Hi(X,H Y (W n tl x )) = H l + c (X,W n n x )[c]. 

Now denote by [t] = [ti], . . . , [t c ] and [/] = [fi], ■ ■ ■ ,[fi] the Tcichmiiller lifts of 
the sequences t and / to T(X, W n Ox) and by JC([t}) and /C([/]) the corresponding 
sheafified Koszul complexes. We define a morphism of complexes 

tp : W n Q x [0] Wom(r'([«]),^n x (c))[c], a ^ (ej A . . . A e c h-> (-l) c d[t]a) 

where ei, . . . , e c is the standard basis of (W n O x ) c . Then the second part of Propo- 
sition 12.4.11 maybe rephrased by saying that the diagram 

W n nx — Wam(£— ([*]), W n Q x (c))[c] 
i* n.ii.n 

i.w w ny — > ^(w n n x )(c) 

commutes. This yields the following commutative diagram of complexes (in which 
the lower square is concentrated in degree 0): 

Hom(/C-*([/]),W n Ox)H^^Hom(/C-*([/]),^om(/C-'([t]),W' n C!x(c))[c])W 

ii.ii.ii ii.ii.n 

Hi(X, W n n x ) 1 Hi(X,Hom(]C-([i\), W n n x {c))[c]) 

i* 11.11.11 

Hi(X,uW n n Y ) ^Hi{X,U Y {W n n x ){c)). 

Now the claim follows from IC([t])<Eiw n o x ^([f]) = [/]) an d the commutativity 

of the following diagram, in which wc denote W n fl x (c) simply by A 

Hom(/C- ([/]), Hom(/C -( [t] ), A) [c] ) [i\ Hbm(/C- ([<],[/]), A) [c + i] 



Ki(X,^(A)) = -I^+ C (X,A). 

□ 

Lemma 2.4.3. Lei Y fee a smooth k-scheme, f : X — P y — > Y £/ie projection 
and ^ a family of supports on Y. We denote by f^/s '■ (X, / _1 ( V E')) — > (Y, i/ie 
morphism in (Sm*/S) induced by f and by 

h /S4 : H((X, f- 1 -> H((Y, *)/S)(-r) 

£/ie corresponding push-forward (same for H). Let a : Y — > S be the structure 
morphism. Then: 

(1) The higher direct images R l f*W,fl x vanish for i > r + 1. Therefore there 
is a natural morphism in _D + (dRWy) 

e : -> R r UW.n x [-r] 
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and the push-forward f^/s* factors as 
(§)H l (Ra^Rf*W.n x ) A0r r a*(nW.!lx) Ra£ r W.Sl Y (-r). 

Similar for % (replace a$ fry a* m i/ie above formula). 
(2) TTie push-forward fy/Y* '■ H(X/Y) — > r) induces an isomor- 

phism 

f Y /Y* ■ R r f*w.n x ^ w.n Y (-r), 

with inverse induced by the push-forward i* : % % {Y /Y){— r) — > H a (X/Y), 
where i : Y X is any section of f. 

Proof. First of all observe that it suffices to prove the statements on each finite 
level n separately. 

(1) By [Gro85t I, Cor 4.f .12] we have an isomorphism in D(W n Q,y — dga) (with 
W n rty — dga the category of differential graded W^fiy-modules) 

r 

(2.4.2) Rf*w n n x =s w n n Y (-i)[-i}- 

i=0 

This gives the first statement of (1) and in particular an isomorphism in D{W n ^ly — 
dga) 

r 

(2.4.3) Rf*w n n x ~ jj*/»w n n x [-i] 

and the morphism e from (1) is the projection to the r-th summand. On the other 
hand (fy/Y*)n is induced by a derived category morphism (|2.3.4p 

(2.4.4) Rf*W n Q x -► W n n Y (-r)[-r}. 
Since the composition 

&f.w n n x [-i] via ™> Rf»w n n x W n Sl Y (-r)[-r] 

is an element in Ext z_r (i? 1 /* W n f2x, W n Vly (— r)), this composition is zero for all 
i < r. Thus the morphism (|2.4.4[) factors over e. This implies the second statement 
of (1). 

(2) It suffices to check that fy/Y* induces an isomorphism; i* will then au- 
tomatically be the inverse for any section i of /. (Notice that by (|2.4.2j) we 
know R r f*W,Q x ~ W,£ly(— r) but we don't know that this isomorphism is in- 
duced by fy/Y*-) To this end, let R be the Cartier-Dieudonne-Raynaud ring of 
k, see |IR83[ I]. (R is a graded (non-commutative) VF-algebra generated by sym- 
bols F and V in degree and d in degree 1, satisfying the obvious relations). Set 
R n := R/V n R + dV n R. We denote by D b (Y, R) the bounded derived category of 
i?-modules. Any de Rham-Witt module is in particular an i?-module. Thus we 
may view R*f*W m il x = R l f*Wn x , i > 1, as an object in D b (Y,R). In D b (Y,R) 
we have the following isomorphisms 

R n ®r R l f*wn x ~ R n ® L R wn Y (-i) ~ w n n Y (-i) ~ if/*w n Qx, 

where the first and the last isomorphism follow from [Gro85[ I, Thm. 4.1.11, Cor. 
4.1.12] and the second isomorphism is |IR83[ II, Thm (1.2)]. Since fy/Y* i s clearly 
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a morphism of i?-modulcs it follows that the projection of fy/Y* to the n-th level, 
identifies with 

Rn ®r fy/Y* ■ Rn ®r R r f*Wn x -> R n ® L R Wn Y (-r). 

We thus have to show that this is an isomorphism for all n. Now Ekedahl's version 
of Nakayama's Lemma |Eke85| I, Prop. 1.1, Cor. 1.1.3] (also p83l Prop. 2.3.7]) 
implies that it is in fact enough to prove that the projection of fy/Y* to level 1 - in 
the following simply denoted by /* - is an isomorphism, i.e. we have to show (for 
all q > 0) 

In fact, /* is given by H r of the following mor phism in D h c {0 Y ) 



Rf*n q x ~ Rf*RHom(n% x - q ,ujx) - RHom{Rf^ N x x ^ q ,(jy)[-r] 



N x -q 



D(m-r] 



> RHom(n^ x - q 1 LJ Y )[-r} 



n q Y - r [ 



with N x = cYimX. Thus it is enough to show that H r (D(f*)[-r]) = H°(D(f*)) 
is an isomorphism. This follows from the well-known formula 



Rf^ x ~ q 



Nx-q-ir 
Y L 



which might be proved using the Kiinncth decomposition fl q x = 



iL X/Y 



and |SGA7(2)[ Exp. XI, Thm 1.1, (ii)]. 
Proposition 2.4.4. Let 



(X,$) 



/' 



i+j=qf*^Y 1 



□ 



be a cartesian diagram, with f,f morphisms in (Sm*/S) and gx-,9Y morphisms 
in (Sm*/S). Assume that one of the following conditions is satisfied 

(1) g Y is flat, or 

(2) g Y is a closed immersion and f is transversal to g Y (i.e. f My ly — 
Then the following diagram commutes 



(2.4.5) 



H((X', &)/S) U((Y', *')/5) 



.'/X 



H((X,$)/S) 



/. 



■H((Y,*)/S) 



and also with % replaced by % . 



In |Gro85[ II, Prop. 2.3.2 and p. 49 ] a version of this Proposition (in the derived 
category) is proved in the case without supports with / a closed immersion and 
g Y transversal to /. (This case is also covered here by factoring g Y as a closed 
immersion followed by a smooth projection.) 
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Proof. We distinguish two cases. 

1. case: f is a closed immersion and gy is either flat or transversal to f. 
Since 4> and $' are also families of supports on Y and Y' the push-forward /* 
factors over H((Y, §)/S) and fl factors over H((Y', $')/£). Hence we may assume 
$ = $ and \E' / = Furthermore by Definition l2.2.1[ the pull-back g* x factors over 
H((X' ', g x x ($)) / 'S) and g Y factors over H((Y' '^y 1 ($))/ '5). Hence we may assume 
that in the diagram (|2.4.5j) we have * = = g^ 1 ($) J vj/' = We may 

further assume, that X, X', Y, Y' are equidimensional and set c := dim Y— dim X = 
dimY' — dimX' and h := f o g x = gy ° /'• 

We consider the following diagram in Z? + (dRWy) 



(2.4.6) 



itt. W.Slx^^ ) RgY*RL x > W.Q Y '{c) [c] 



Rf*w.n x 



f. 



RT x W.Q,y(c)[c] 



where the horizontal (resp. vertical) morphisms are induced by (12.3.4[) (resp. 
(|2.2.1[) ). By our assumption on the supports we obtain diagram (|2.4.5p if we apply 
©-ff z (i?a$(— )) (resp. ®-ff'(-Rhm i?a$(— ))) to diagram (|2.4.6|) . where a : Y 5 is 
the structure morphism. Thus it suffices to show that (|2.4.6[) commutes. By Propo- 
sition 12.4.11 the diagram (|2.4.6[) is isomorphic to the outer square of the following 
diagram 



(2.4.7) 



Rh, W. fl x Rgy*H x , (W. fly ) (c) 



h,w.si x > ffY*n c x ,(w.n Y >)(c) 



fx 



f*w.n x 



f, 



9y 



■ n x (w.ny)(c). 



The upper square obviously commutes. Thus it suffices to check that the lower 
square of sheaves of de Rham-Witt systems commutes. This may be checked locally 
and we may hence assume that the ideal sheaf of X in Oy is generated by a 
regular sequence t = t%, . . . ,t c . By our assumptions on gy, the sequence g Y t = 
g Y ti, . . . ,g Y t c is again a regular sequence generating the ideal sheaf of X' in Oy. 
Now the statement follows from the explicit formula (|2.4.1j) . 

2. case: X = ¥ Y and f : X — > Y is the projection map. In this situation we 
also have X' = P Y , and f : X' —> Y' is the projection map. The morphisms / 
and /' factor over (X,/" 1 ^)) -> (Y, *) and (X', /' _1 (*')) ~> which are 

morphisms in (Sm*/S). Similar to the first case we conclude that it is enough to 
consider the case $ = / _1 (*), = fly 1 ^) and $' = f' -1 ^') . Now Lemma 
12.4.31 (1) reduces us to show the commutativity of the following diagram (with 
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h = I ° gx = 9y o /') 

(2.4.8) R r h*W.CL x , H ° {R9Y ' (f * ] l gY ^w.n Y > (-r) 



fx 

R r f*w.n x 



<Jy 

w.n Y {-r). 



But now let i : Y — > X be a section and i' : Y' — > X' its pull-back, viewed as 
morphisms over Y. We obtain push-forwards 

u : W.fiy(-r) -> P r /*W.Ox, C : gY*W.n Y '(-r) -> R r h*W.n x >- 

And since gx is transversal to i we may apply case 1. to obtain 

(drf* ~ f'*g*x) oi . = 3y/*i* ~ /Xsy = 0. 



Thus the commutativity of (|2.4.8[) follows from Lemma [2.4.31 (2), which tells us 
that i* is an isomorphism (with inverse /*). 

Proof in the general case. Since / : (X, <£>) — > (Y, \&) is quasi-projective we may 
factor it as follows 

(X,$)4(f7,$)4(P,$)^(Y,*), 

where P = Py, i : (X, $) — > (U, $) is a closed immersion, j : (U, <£>) -> (P, $) is an 
open immersion and tt : (P, $) — > (Y, 'J) is the projection. Notice that we use the 
properness of /i$ to conclude that $ is also a family of supports on U and on P 
and that all the maps above are in (Sm*/S). By base change we obtain a diagram 



(X,$) 



with the horizontal maps in (Sm*/S) and the vertical maps in (Sm*/S). Notice 
that if gy satisfies condition (1) or (2) from the statement of the Proposition, then 
so does gu . By the functoriality of the push- forward the commutativity of the 
square (|2.4.5[) follows from the first two cases and the fact that j* and are just 
the excision isomorphisms by Proposition 12 . 3.51 (2). This proves the proposition. 

□ 



3. Correspondences and Hodge- Witt cohomology 

In this section all schemes are assumed to be quasi-projective over k. We fix a 
/c-scheme S. 



3.1. Exterior product. 
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3.1.1. Let X and Y be two fc-schemes and M and N two complexes of de Rham- 
Witt systems on X and Y respectively. Then for all n > 1 we set 

M n H N n :— p~^ x M n ®7 J p~^ v N n as a complex of abelian sheaves on X x Y, 

where p\ : X xF — > X and j»2 :Xxy^y are the two projection morphisms. It is 
obvious, that the maps ttm®^n make the family {M n M N n } n >i into a pro-complex 
of abelian sheaves on X x Y, which we denote by 

(3.1.1) M Kl N. 

3.1.2. Godement resolution. Let X be a fc-scheme. For a sheaf of abelian groups A 
on X we denote by G(A) its Godement resolution. Then there is a natural way to 
equip the family {G(W n ^x)}n>i with the structure of a complex of de Rham-Witt 
systems on X, which we denote by G(W,£lx)- It follows from the exactness of 
G(-) and the surjectivity of the transition maps W n +i^x — > W n ^x, that each 
term G q (W,£lx) is a flasque de Rham-Witt system (in the sense of 11.5. 3| . Thus 
the natural augmentation map W,ttx —> G(W,fl x ), makes G(W,ttx) a flasque 
resolution of de Rham-Witt systems of X. 

3.1.3. Exterior product for Godement resolutions. Let X and Y be two /c-schcmcs 
with families of supports. It follows from the general construction in [Go d73[ II, 
§6. 1], that there is a morphism of pro-complexes of abelian sheaves on X x Y 

G(w.n x ) B g(w,q y ) — > G{w.n x b w.n Y ). 

Therefore, multiplication induces a morphism of complexes 

(3.1.2) G(W.Clx) E G(W.Q Y ) — > G(W.Q X xy)- 

Definition 3.1.4. Let (X, <I>) and (Y,^>) be in (Sm+fS) and denote the structure 
maps by a : X — > S and b : Y — > S. Then we define the exterior products 

x : W ((X, $)/S) IS W ((y, -> H i+j ((X x y, $ x *)/5 x 5) , 

x : H7#((Y;#)/£) -> H i+j ((X xY,§xV)/SxS) 

as the composition of H i+ ^((a x b)ava> ((5X5|l ) (resp. H i+j ((aX~b)^ xis ,^J^) ) 
with the natural map 

w{{x,$)/s) h w{{y^)/s) -> # i+j '(( a x 6)$ x *(G(w.n x ) h G(w.n r ))) 

(resp. with (" ) ), where we use W{{X, $)/S) = iT(a$G(W.n x )), etc. 

Lemma 3.1.5. Let X = Spec A and Y — SpecB be two smooth affine k-schemes 
and Zx C X. Zy C V closed subsets. Assume there are sections Si,...,Sj £ A 
and t±, . . . , tj € B whose vanishing set equals Zx and Zy respectively. Then for all 
n > 1 and a, r > i/ie morphism 

x : fl^ (x, w^) ® z h{ y (Y, w n n Y ) -> fl*^ xify (x x y, w„n&) 

induced by Definition \3.1.4\ is given by 



a 
















W], ■ • ■ , [Si]_ 


X 






jpi[*i]»- 






■•>Pa[*j]. 



where we use the notation of \l.ll.f\ a £ W n £l q A , j3 € W n £l r B and p\ : X x Y — > X 
and p2 : X x Y — > Y are the two projection maps. 
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Proof. We denote by C the tensor product A ®k B and by K A , Kb and Kc 
the respective Koszul complexes (see ll.ll7T|) K'([t],W n Q A ), K'([s], W n Sl B ) and 
K'(pl[t},P2[s},W n ric~ r ). For any ordered tuple L = (l x < . . . < l^) of natural 
numbers l v € + j] we denote cr(L) := max{i/ G [0,£] I ^ ^ *}i where we set 
Z := 0. Notice that a(L) = iff h > i or L = 0. We define 

L <« = f (ii<-..< if^)e[l,e], 
\0, if<r(L) = 0, 

i>4 = f (iU(L)+i -i)<...<(k- i)), if < £, 

[0, if cr(i) = £ or L = 0. 

Thus the natural numbers appearing in the tuple L- % are contained in [1, i], whereas 
those appearing in L- 1 are contained in [1, j]. 

Let {ei, . . . e^}, {/i, . . . , and {/ii, . . . , hi + j} be the standard bases of W n {A) % , 
W n (By and W„(C) l+J , respectively. If L = (Zi < . . . < l^) is an ordered tuple with 
l v E then we write bl = &i x A . . . A e/ e € /\ W„ (^4) J . In case L is the emptyset 
we define ez, to be 1 € W n (A). Similarly we define the notations /l and hi,. 

With this notation we can define the morphism 

e; (Rom Wn(A) (/\W n (Ay,W n Q q A ) xHom^ (B) (/\W re (B)',«) J 

— > Hom H/ii(c) (/\M/„(C) l+ My n ^ +r ), 

by sending a tuple of pairs of morphisms © M 4-„ = £ (</? M , to the morphism, which 
is uniquely determined by 

h L ^pl^ L He L <<) -p^-^Hhx)- 

It is straightforward to check, that e induces a morphism of complexes K a ®zKb — ► 
Kc, which in degree zero equals 

e° : W n n q A <E) Z W n n r B -> W„^ +r , a®0^p\a- p* 2 /3 

and in degree i + j is given by 

e i+ > : K\ ® z tf£ IC$\ e i+j (<p ® ^){h {l , i+j] ) = P*Me [lA ) ■ P*M[U])- 

By the very definition of the symbols [, , a , ,] , etc. in ll.ll.ll it remains to show, 
that the following diagram commutes: 

(3.1.3) H*(K A ) ® H ] {K B ) H i+ i(K A ® # B ) >■ H l +i(K c ) 



a. ii. il l 



a. li.n 



#L ® Bgxzy > 

where we abbreviate H Zx = H Zx {X, W n Clx)> etc. This is a straightforward calcu- 
lation. □ 
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3.1.6. Exterior product for Cousin complexes. Let X and Y be smooth /c-schcmes 
and denote by Z x and Z Y their respective nitrations by codimension. Then we 
obtain from 13.1.21 a natural morphism 

r Z a G{w.n x ) sr zf g(wMy) T z ^ Y G{w.n X y.Y) 



where we abbreviate the denominator on the left in the obvious way. With the 
notation from ll.5T8l there is an obvious morphism from 

to the (i + j)-th cohomology of the left hand side. In composition we obtain a 
morphism 



W za +1 (W.ftx) H 6+1 (W.n y ) +b+1 (W.Q 



XxY), 



which is compatible with Frobenius. It is straightforward to check that this pairing 
induces a morphism of pro- complexes of sheaves of W -modules on X x Y 

(3.1.4) E(W.n x ) B F(W.fiy) F(W.fix x y), 

where E{—) denotes the Cousin complex with respect to the codimension filtration 
(seeHHH). 

Proposition 3.1.7. The exterior products defined above satisfy the following prop- 
erties: 

(1) The exterior products (for T-L and H) can also be calculated by using the 
morphism (j3. 1.4(1 in Definition \3.1.4\ instead of the morphism (|3. 1.2(1 . 

(2) The exterior products are associative. 

(3) Let / : (X, $) (Y,*) and /' : (X',&) -> (Y',W) be two morphisms in 
(Sm*/S) and a € H((Y, $)/S), a' € W((Y', 

x (/'*<*') = (/ x /')*(« x a ') m n (( X x X', $ x &)/S x S). 
Similar with %. 

(4) Let / : (X, $) -> (Y, *) be a morphism in (Sm*/S) and a € W((X, 
a' £ H((X',&)/S), then 

(/*a) x a' = (/ x id x >)*(a x a') in H((Y x X', * x $')/5 x S). 
Similar with %. 

(5) Lei (X, $) and (Y, ty) be smooth k-schemes over S with families of supports 
andae H l ' q {{X,<£)/S), (3 G H j - r {{Y, V)/S). Then (similar properties hold 
for H): 

(a) The switching isomorphism 

H((X x Y,$ x *)/5 x5) = %((Y x X,* x $)/5 x S) 
sends a x f3 to (-l)« r+ *'/3 x a. 

(b) 

F(a) x F(/3) = F(q x 0), ir(a) x tt(/3) = ir(a x /3), 

d(a x 0) = (da) x /3 + {-l) q u x d(/?), 
/or a,f3 e 
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(c) 

V(a) x /3 = V(ax F(/3)), p(a) x /3 = p(a x tt(/3)) 

for a g H n , ft e H„ + i. 

Proof. (1) follows f rom }God73l II, Thm. 6.2.1]. (2), (3) and (5) easily follow 
from the properties |God73| II, 6.5, (b), (d), (e)] and the corresponding properties 
of the multiplication map W m flx ^ W.fiy — > W,VtxxY- It remains to check (4). 
Since / is quasi-projective we may factor it as the composition of a regular closed 
immersion followed by an open embedding into a projective space over Y followed 
by the projection to Y. Using similar arguments as in the proof of Proposition 
12.4.41 (together with Lemma 1^.4. 3p . we can reduce to the case that $ = \& and that 
/ : (X, $) <^-> (Y, $) is a regular closed immersion of pure codimension c. By (1) it 
thus suffices to show, that the following diagram commutes 

U(E(WMx)) B E(W.Qx>) — E(W.n X xx>) 



/, Bid 



(/Xid x ,). 



(Lx(E(W.n Y ))(c)[c}) BE(W.Cl x >) ^~r XxX ,E(W.nYxX')(c)[c], 

where we denote by /„ and (/xidx')* the morphism defined in (|2.3.3|) . The question 
is local and we may therefore assume X = Spec A, X' = Spec A' and Y = Spec B 
are affine and that the ideal of Y in X is generated by a regular sequence t% , . . . , r c . 
Furthermore we may check the commutativity in each degree separately and thus 
by the description of the terms of the Cousin complex in II .5.81 (2), we are reduced 
to show the commutativity of the following diagram: 

w Zx (x, w n n x ) ® h*, [x\ w n n x ,) —L^ h?' (x x x>, w n n^ xt ) 



(/xid). 



h^y, w„of+V) ® F| x/ (x', w n n x ,) h££ c Zx> (y x x\ w n apz£), 

where Z x C X and Zx' C X' are integral closed subschemes of codimension i and 
j respectively. But this follows from the explicit formulas in Corollary 12.4.21 and 
Lemma 13.1.51 □ 

Remark 3.1.8. Notice that in the situation of (4) above the two elements a' x (/*a) 
and (idx' x f)*(a' x a) are in general only equal up to a sign. This is the reason 
for the sign in Q3.3.6p . 

3.2. The cycle class of Gros. We review some results of |Gro85] . 
3.2.1. Witt log forms. Let X be a smooth k scheme. We denote by 

w n n xlog 

the abelian sheaf on the small etale site of X defined in [111791 I, 5.7]; it is the 
abelian subsheaf of W n Cl x which is locally generated by sections of the form 

d\xi] d\x a ] . , _ v 

ir- -ti^,...,^^. 

By definition W n il xloR = Z/p n Z. 
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3.2.2. The cycle class. Let X be a smooth fc-scheme and Z C X a closed integral 
sub-scheme of codimension c. Then by |Gro85[ II, (4.1.6)] the restriction map 

(3.2.1) H c z (X &t , W n n c x ,i os ) ^ H^ Zsi J(X \ Z sing ) 6t , W n Sl c x , log ) 

is an isomorphism (where Z s i ng denotes the singular locus of Z). Therefore following 
Gros we can define the log-cycle class of Z of level n 

ch oe AZ) e H c z (X 6t , W n Sl e Xtlos ) 

as the image of 1 under the Gysin isomorphism ( Gro85, II, Thm 3.5.8 and (3.5.19)]) 

(3.2.2) H°((Z\Z Bing ) 6u Z/p n Z) ^ H ZXZsi J(X \ Z sing ) 6u W n Q X;}og ) 

composed with the inverse of (|3.2.ip (see |Gro 85, II, Def. 4.1.7.]). We define the 
cycle class of Z of level n 

ci n (z) e H c z (x,w n n x ) 

to be the image of cl\ og . n (Z) under the natural morphism H z (Xg t , W n Q x log ) — > 
H z {X,W n £l c x ). We have 

^(cl\ og ,n(Z)) = cl\ og , n -i(Z), ir(cl n (Z)) = cl n - 1 (Z). 

Therefore (cl\ og ^ n {Z)) n (resp. (cl n (Z)) n ) give rise to an element in the projec- 
tive system H z (Xet, W,Q X log ) (resp. H Z (X, W,£i x )), which we simply denote by 
ch og (Z) (resp. cl(Z)). 

Notice that we have an isomorphism 

(3.2.3) H c z {X,Wn c x ) =]^mH z (X,W n n x ). 
(Indeed by Proposition ll.5.6[ (5) we have a spectral sequence 

R l \imH z (X, W n n c x ) =>■ Hf j (X, WQ, X ), 
which by Lemma ll.5.1[ (1) gives a short exact sequence 

-» ^jimfff 1 ^, W„Q C X ) -> H C Z {X, Wn c x ) -> )jmH z (X,W n n c x ) 0. 
But by Lemma [TXlii^pf , W n Q, c x ) equals for all n. Hence (J3X3]).) We define 

ci(z) e H z (x,wn c x ) 

as the image of ^m ^ cl n {Z) via p.2.3[) . 

3.2.3. Properties of the cycle classes. The above cycle classes have the following 
properties (we only list them for cl there are analogous properties for cl\ og and cl): 

(1) Let Z C X be a closed integral subscheme of codimension c and U C X 
be open such that Z D U is smooth. Denote by i : Z n U (U, Z <~) U) 
the morphism in (Sm^/Spec k) which is induced by the inclusion of Z in 
X and by j : (U, Z n U) <-» (X, Z) in (Sm* /Speck) the morphism induced 
by the open immersion U C X. Then 

j*cl{Z) = cl(ZnU) = in H Z (X,W.Q X ), 

where 1 is the multiplicative unit in the pro-ring H°(Z D U, W,Oznu)- 
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(2) Let Z and Z' be two closed integral subschemes of X of codimension c 
and d respectively intersecting each other properly (i.e. each irreducible 
component of Z n Z' has codimension c+c'inl). Then 

cl(Z.Z') = A*(cl(Z) x cl(Z')) in H c z + C z , {X, W.n c+C '). 

Here Z.Z' is the intersection cycle X^T nT P1' wriere the sum is over the 
irreducible components of Z n Z' and tit are the intersection multiplicities 
(computed via Serres tor-formula), cl(Z.Z') is defined to be ^ T 7iid(T) 
and A : (X, Z n Z') -» (X x X, Z x Z') in (Sm*/Spec fc) is induced by the 
diagonal morphism. 

(3) For a line bundle £ on X we denote by ci(£)i og G i? 1 (X l5t , PF.ri^- log ) the 
sequence of elements (dlog n ([C])) n , where [£] denotes the class of £ in 
H 1 (X, O x ) = H 1 (Xct,'G m ) and dlog n is induced by taking H 1 of the map 
G m — > W n n^- ilog , a — > d/og[a]. We denote by ci(£) the image of ci(£)i og 
in H l {X,W.6. x ). 

Let Z) C X be an integral subscheme of codimension 1, then 

cl(D) = c x {0{D)) inH^XiW.Qx)- 

(4) Let Z be as in (1), then: 

F(cl(Z)) = tt(cI(Z)), V(cl(Z)) = p(d(Z)), d(cl(Z)) = 0. 

(1) follows from the fact, that the Gysin morphism (13.2.21) is induced by the push- 
forward «o* > where i Q : Z\ Z sing —> (X \ Z s - mg , Z \ Z sing ) in (Sm* /Spec k) is induced 
by the inclusion. This follows from [Gro85, II, 3.4.] (or alternatively from the 
description of the Gysin morphism in |Gro 85, II, Prop. 3.5.6] together with Propo- 
sition EXU) (2) is |Gro851 II, Prop. 4.2.12.] and (3) is (Gro851 II, Prop. 4.2.1]. 
The first and the last equality in (4) follow from the definition, the second equality 
is implied by the first and n(cl n (Z)) = cl n -i(Z). 

3.3. Hodge- Witt cohomology as weak cohomology theory with supports. 

3.3.1. Weak cohomology theories with supports. Weak cohomology theories with 
supports have been introduced in |CR09j . For the convenience of the reader we 
recall the definitions. 

First, recall the definition of the categories Sm* = (Sm*/k) and Sm* — (Sm* /k) 
in Definition 12.1.11 For both categories Sm* and Sm* finite coproducts exist: 

(x,$)]J(F,*) = (x]Jy,$u*). 

For (X, $) let X — ]J 4 Xi be the decomposition into connected components, then 

(x,$) = ]J(x i ,$n$x i ). 

i 

In general products don't exist, and we define 

(X, $) (g> (Y, *) := (X x Y, $ x *) 

which together with the unit object 1 = Spec(fc) and the obvious isomorphism 
(X, $) ® (Y, VP) -> (Y, ® (X, $) makes Sm* and Sm* to a symmetric monoidal 
category (see |ML981 VII. 1]). 
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3.3.2. A weak cohomology theory with supports consists of the following data 
(F*,F*,T,e): 

(1) Two functors F* : 5m* -> GrAb and F* : (Sm*)°P -> GrAb such 
that F*(X) = F*(X) as abelian groups for every object A € ob(5m*) = 
ob(S'm*). We will simply write F(X) := F*(A) = F*(X). We use lower in- 
dexes for the grading on F*(X), i.e. F*(X) = ©ji^(X), and upper indexes 
for F*(X). 

(2) For every two objects X, Y € ob(5m») = ob(S'm*) a morphism of graded 
abelian groups (for both gradings): 

T X .Y ■ F{X) ® z F{Y) -> F(X ® F). 

(3) A morphism of abelian groups e : Z — > F(Spec (k)). For all smooth schemes 
7r : X — > Spec (fc) we denote by lx the image of 1 6 Z via the map 

Z A F*(Spec (fc)) F*(X). 

3.3.3. These data are required to satisfy the following conditions: 

(1) The functor F* preserves coproducts and F* maps coproducts to products. 
Moreover, for (A, $i), (A, $ 2 ) & ob(£m*) with $ x n $ 2 = {0} we require 
that the map 

F*{ji) + F*(j 2 ) : F*{X, $i) © F*(A, $ 2 ) -> F*(A, $ x U * 2 ), 

with ji : (X, $i U $ 2 ) (A, $1) and j 2 : (A, $1 U $ 2 ) (A, $ 2 ) in SW, 
is an isomorphism. 

(2) The data (F* , T, e) and (F* , T, e) respectively define a (right-lax) symmetric 
monoidal functor. 

(3) (Grading) For (A, $) such that A is connected the equality 

Fi(X,$) =F 2dimX - i (X,$) 

holds for all i. 

(4) For all cartesian diagrams (cf. 12 . 1 . 1[) 

(A',$') — ^ (V, W) 



!JX 



IIY 



(X,*)—L+(Y,V) 

with gx, ffy € 5to* and /, /' £ Sm* such that either gy is smooth or gy is 
a closed immersion and / is transversal to gy the following equality holds: 

F*(g Y )oF4f) = F4f')oF*(g x ). 

Recall that / is transversal to gy if (f')*Ny,/ Y — N x >/x where N denotes the 
normal bundle. The case A' = is also admissible; in this case the equality |3.3.3[ j4")) 
reads: 

F*(g Y )oF*(f) = 0. 

In [CR091 1.1.7] it is spelled out what it means for (F*,T,e) (and (F*,T,e)) to 
be a right-lax symmetric monoidal functor. 

Definition 3.3.4. If the data (F*, F*,T, e) as in I3"X21 satisfy the conditions I3~3~3l 
then we call (F» , F* , T, e) a weak cohomology theory with supports. 
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Definition 3.3.5. Let (F*, F*,T, e), (G*, G* , U, e) be two weak cohomology theo- 
ries with support. By a morphism 

(3.3.1) (F*,F*,T, e) (G*, G*, £/, e) 

we understand a morphism of graded abelian groups (for both gradings) 

<p : F(X) -> G(X) for every X G ob(K) = ob(V*), 

such that <j> induces a natural transformation of (right-lax) symmetric monoidal 
functors 

<f> : (F„T,e) -> (G,,Z7,e) and : (F*,T,e) -> (G*,C/,e), 
i.e. induces natural transformations F* — > G*, F* — > G* , and 

(3.3.2) <poT = U o((f>®4>), cf)oe = e. 

3.3.6. Chow theory as a weak cohomology theory with supports. An example of 
a weak cohomology theory with supports are the Chow groups (CH*,CH*, x,e) 
[CR09I 1.1]. We will briefly recall the definitions for the convenience of the reader. 

Definition 3.3.7 (Chow groups with support). Let $ be a family of supports on 
X. We define: 

CH(X,$)=ljm We$ CH(W). 
The group CH(X, <&) is graded by dimension. We set 
CH*(X,$) = @CH d (X,$)[2d], 

d>0 

where the bracket [2d] means that CHd(X, $) is considered to be in degree 2d. 

There is also a grading by codimension. Let X = \\ i Xi be the decomposition 
into connected components then CH*(X, $) = ®^ CH*(Xi, $ n $x,) and 

ch* (x, , $ n $ Xi ) = CH d (x, , $ n ) [2d] 

where CR d (X i7 $n$xj is generated by cycles [Z] with Z G $n$Xi, Z irreducible, 
and codimxi(^) = d. 

Let / : (X, <fr) —> (Y, VP) be a morphism in Sm,. There is a push- forward 

(3.3.3) CH*(/) : CH(X, *) -> CH(Y, ¥), 

defined by the usual push-forward of cycles (/|w)* : CH(W) -> CH(/(W)) — ► 
CH(Y, ^) (for this we need that f\w is proper and /($) C VP). We obtain a functor 

(3.3.4) CH* : Sm* -> GrAb, CH»(A, *) := CH(A, *), / H. CH*(/). 
In order to define a functor 

CH* : {Sm*) op -> GrAb 

we use Fulton's work on refined Gysin morphisms |Ful98[ §6.6]. 

Let / : X — > y be a morphism between smooth schemes and let V C Y be a 
closed subscheme, thus / : (X, / _1 (F)) — > (Y, V) is a morphism in SVn*. We define 

CH*(/) := f : CH(Y, V) - CH(V) -> CH(/ -1 (y)) = CHpf, / _1 (V0). 
For the general case let / : (X, $) — > (Y, VP) be any morphism in Sm* . For every 
V G * the map / induces (X, / _1 (^)) -> (^ v ) in ^m*. We ma Y define 

CH*(/) : CH(Y,*) = lun v ^CR(Y,V) -+ Ux^ w ^CR(X,W) = CH(X,$). 
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The assignment 

CH* : (Sm*) op -> GrAb, CH*(X, $) = CH(X, $), / i-> GH*(/) 

defines a functor. Together with the exterior product x (see [Ful98l §1.10]) and 
the obvious unit 1 : Z — > CH(Spec (fe)), we obtain a weak cohomology theory with 
supports (CH*,CH*, x,l). 

3.3.8. From Proposition ^. 3.31 and Proposition 12 .2 . 2l we obtain two functors 

: Sm* — > GrAb, 

ff* : (5m*) op -> GrAb, 

where for an object (X, $) € ob(5m*) = ob(S , m*) with structure morphism a : 
X — > Spec (fe) we have 

H(X,$) := H*(X,$) :=iT(X,$) := H{(X, $)/Specfe) = i? 9 a$W.ft%- 

p,«>o 

as abelian groups (see (|1.4.4[) for the definition of a$). In view of Proposition II .5.61 
we get an equality 

i? ? a$ = ff 9 o i?limoi? a>t o #r $ . 
In particular, if $ = $x is the set of all closed subsets of X then 

H(X) := = W{R]jmRr(W.n p x )). 

p,q>0 

Note that i?limoi?r = RT o i? lim and HUm^.O^) = lim(VF.f^) = Wfi^ by 
Lemma ll.5.11 Thus we obtain 

h(x)= 

P,9>0 

In the following we will write H(X) for H(X, §x)- 
The grading for H* is defined by 

H\X,$) = B?a*W.QP x . 

p+q=i 

For H*(X, $) the grading is defined such that I3.3.ffi 4) holds. 

For two objects (X, $), (Y, with structure maps a : X — > Spec (fc), b : Y — > 
Spec (fe), we define 

(3.3.5) T : $) ® z H(Y, #) ->■ (Jf xY,$x$) 
by the formula 

(3.3.6) Tfop ® ft,,) = (-i)(*+pW(a i>p x 

where a iiP € i? l a$VF.il^-, e i? J &*W.fiy, and x is the map in 13. 1 .4[ 
We define 

e : Z ->■ ff(Spec(fc)) = 

by e(n) = n for all ntZ. 

Proposition 3.3.9. TTie triples (-H*, T, e) and (if*, T, e) define right-lax symmetric 
monoidal functors. 
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Proof. The morphism T respects the grading H* and the grading H*. In the 
following we will work with the upper grading H*. All arguments will also work 
for the lower grading H„ because the difference between lower and upper grading 
is an even integer. 

The axioms which involve e do obviously hold. By using the associativity of x 
(Proposition 13. 1.71 2)) it is straightforward to prove the associativity of T. Let us 
prove the commutativity of T, i.e. that the diagram 

(3.3.7) H(X, $) <g> H(Y, *) — ^ H(X x Y, $ x 

e 

H(Y, <g) H(X, $) — ^ H(Y x X, * x $) 

is commutative. The left vertical map is defined by a® j3 t— > (— l) dc s( Q ) de E(P)fl ^ a 
By using Proposition 13. 1.7T 5) (a) we obtain 

e(T(a ilP 8ft,,)) = e((-l)^X P x &, g ) = (-l^+^-l)^'/^ g x 

= (~l) pq+P3 (3 M x a iiP . 

On the other hand, 

T((-l)( i+ rW+^p M ® a i;P ) = (-l)( < +p)0-+«)(_i)0-+9)i^. fl x a i>p 

= (-ir +PJ /^ x a iiP . 

This proves the commutativity of diagram (|3.3.7[) . 

The functoriality of T with respect to H* follows immediately from Proposi- 
tion [3T77J3). The functoriality of T with respect to follows from Proposition 
ETJK4). □ 

Theorem 3.3.10. The datum (H*, H* ,T, e) is a weak cohomology theory with 
supports (cf. Definition al. 3. 4\ l- 

Proof. We have to verify the properties in section [3.3.31 Property 13.3. 3f l) is obvi- 
ous. Proposition 13 . 3 . 91 implies [ 3 . 3 . 3f 2 ) . The compatibility of the gradings (|3.3.3f 3)) 
is satisfied by definition. Proposition 12.4.41 yields [3.3.3f 4). □ 

3.3.11. In the same way as in section [3.3.81 we define 

PH* : Sm* GrAb, 

PH* : {Sm*) op -> GrAb, 

where for an object (X, $) 6 6b(Sm*) — ob(Sm*) with structure morphism a : 
X — > Spec (k) we have 

PH(X, $) = PH* (X,&) = PH* (X, $) = BP a* w.n p x 

p>0 

as abelian groups. The grading is defined in the obvious way: 

PH 2p {X, $) = R p a^W.n p x , 

and zero for all odd degrees. Of course, for PH*(X, <I>) the grading is defined such 
that [33^4) holds. 
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For two objects (X, $), (Y, ^), we get an induced map 

T : PH(X, $) ®z PH(Y, *) ->■ 7>i7(X x y, $ x *) 

from (|3X5|) . 

Theorem 13.3.101 implies the following statement. 

Corollary 3.3.12. The datum (PH* , PH* , T, e) is a liieafc cohomology theory with 
supports (cf. Definition \ 3. 3.1$ . Induced by the inclusion PH(X,^>) C H(X, $), we 
get a morphism of weak cohomology theories with supports ( cf. Definition \3. 3.5\) 

(PH*,PH*,T,e)^ (H*,H*,T,e). 

3.4. Cycle classes. One of the main goals of jCR09] was to give a criterion when 
a weak cohomology theory (F* ,F*,T, e) admits a morphism 

(CH*,CH*,x,l)^ (F m ,F*,T,e). 

In order to apply [CRQ91 Theorem 1.2.3] in our situation, i.e. for (PH*, PH* ,T, e), 
we first need to prove semi-purity. 

Recall that (PH* , PH* , T, e) satisfies the semi- purity condition (cf. [CR091 Def- 
inition 1.2.1]) if the following holds: 

• For all smooth schemes X and irreducible closed subsets W C X the groups 
PH t (X, W) vanish if i > 2 dim W. 

• For all smooth schemes X, closed subsets W C X, and open sets U C X 
such that U contains the generic point of every irreducible component of 
W , we require the map 

PH * (j) : PH 2 dim w (X, W) -> Pi7 2 dim W (U, W n 17) , 

induced by j : (J7, W n J7) — > (X, W) in S*m*, to be infective. 

Proposition 3.4.1. The weak cohomology theory with supports (PH*, PH* ,T, e) 
satisfies the semi-purity condition. 

Proof. To verify the two conditions we may assume that X is connected of dimen- 
sion d. Since 

ph 2i (x, w) = h^\x, wn d x *), 

we need to show that H^ l (X, W£l d x l ) vanishes if 2i > 2 dimly (or equivalently, 
d — i < codimxiy). Indeed, we have 

H^\X, Wtt d x l ) = R d - l a*RT w R^m(W n n d x l ) 

with a : X — > Spec (k) the structure map. Since RT w R\,im = R ^im RT w , we need 
to show that 

(3.4.1) R ] L w w n n d x l = 0, 

for j < codimxJy. This follows from Lemma Fl.5.91 (which follows from the fact 
that the graded pieces of the standard filtration on W r Sl x ~ x are extensions of locally 
free Ox-modules [111791 I, Cor. 3.9]). 

For the second condition, let W C X be a closed subset and U C X open, such 
that U contains the generic point of every irreducible component of W. We need 
to prove that the restriction map 

H w (X,Wil x ) -t H UnW (U^lljj ) 
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is injectivc. But the kernel is a quotient of H^ mW (X, W9. d £ dimW ), which van- 
ishes because d — dim W < codimx (W\U). □ 

3.4.2. In view of [CR091 Theorem 1.2.3] there is at most one morphism of weak 
cohomology theories with support 

(CH*,CH*,X,1) -> {PH*,PH*,T,e). 

Proposition 3.4.3. There is exactly one morphism (in the sense of Definition 

(CH*,CH*,x,l) -> (PH*,PH*,T,e). 

Proof. We need to verify the criteria given in [CR091 Theorem 1.2.3]. 

The condition [CR091 Theorem 1.2.3] (1) is satisfied by Proposition [23^1 

For the second condition ICR09] Theorem 1.2.3] (2) we need to show that for 

the 0-point i : Spec (k) — > P 1 and the co-point ioc : Spec (fc) — ► P 1 the following 

equality holds: 

PH*(i ) oe = PH^toa) o e. 

By |3.2.3f l) the left hand side is c/({0}) and the right hand side equals cl({oo}). In 
view of 13.2.3( 3) we obtain 

a({o}) = ci(0pi(i)) = s({oo}). 

For W C X an irreducible closed subset, we set clix,w) '■= cl(W). Then l3.2^3l l) 
implies that condition [CR09] Theorem 1.2.3] (4) holds. 

Finally, we prove |CR091 Theorem 1.2.3](3). Let i : X Y be a closed immersion 
between smooth schemes, and let D C Y be an effective smooth divisor such that 

• D meets X properly, thus Dnl:=flxylisa divisor on X, 

• D' := (D n X) re d is smooth and connected, and thus D D X = n ■ D' as 
divisors (for some n £ Z, n > 1). 

We denote by %x ■ X —> (Y, X),Id' ■ D' —> (D, D') the morphisms in Sm* induced 
by i, and we define g : (D, D') —> (Y, X) in Sm* by the inclusion D C Y . Then the 
following equality is required to hold: 

(3.4.2) PH*{g)(PH*(i x )(lx)) = n ■ PH*(id>)(1d>). 

Obviously, we may assume that X and Y are connected; we set c := codimyX. 
A priori, we need to prove the equality (|3.4.2j) in H^, (D, W$l c D ). Since H*{g), 
H*{ix) and H*(idi) are morphisms in dRW^, they commute with Frobenius. Thus 
both sides of (13.4.21) are already contained in the part which is invariant under the 
Frobenius H C D ,{D, Wft c D ) F . Denote by / : (D, D') -> (Y, D') the morphism in Sm, 
which is induced by the inclusion D C Y . 
We claim that 

PH^f) : H c D ,(D,Wn c D ) -> H c + 1 (Y,Wn c Y +1 ) 

is injective on H'j :) ,(D,W£l'j :) ) F . 

Indeed, by [111791 I, Thm. 5.7.2] there is an exact sequence of pro-sheaves on Z?et 

o -> VF.^iog -> w.n c D ^> w.n c D -> o. 

This yields an exact sequence of pro-groups 

H c D - 1 (D,w.n c D ) -> H c D ,(D 6t ,W.n c D>log ) -> H C D ,(D,WM C D ) F ^ o. 
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(Notice that H l D , (D, W»£l q D ) — H l D i(D&t,W,Q q D ), since the W n Q q D are quasi-coherent 
on W n D and D 6t = (W n D) 6t .) But H'^ 1 (D, W,Q%) = (see e.g. ([SXIjl ) and 
thus 

n n 

Combining this with Gros' Gysin isomorphism (|3.2.2|) we obtain an isomorphism 

Z p A H C D ,(D,WQ C D ) F , 1 -> e/(£»') IS:2 l (1) PH.(»uO(lu'). 
In the same way we also obtain an isomorphism 

Z p A H C D V(Y, WSl c +y, 1 ^ a(£')™ (1) PH*(f) ° PH*{id>){Id>). 

This yields the claim. 

Thus it suffices to prove the following equality 

PH*(f)PH*(g)(PH*(i x )(lx)) = n ■ PH*(f)PH*(i D ,){l D ,). 

For this denote by g' : D -> (V, £)) in Sm* and Ay : (Y, £>') — > (F x F, D x X) in 
Sm* the morphisms induced by the inclusion and the diagonal respectively. Then 

PH4f)PH*(g)(PH*(i x )(l x )) = PH*{g'){l D ) U Pff*(^)(lx) 

= PH*(A Y )(cl{D) x c/(X)) l3~2~3l (1) 

= cl{D.X) [32131(2) 
= 71 • c/(D') 

= n.Pff,(/ot iy )(l J ,,) B331(i), 
= n-PH4f)PH*(i D ,)(l D ,) 

where a U := Pff*(Ay)(T(a ® 6)) and hence the first equality holds by the 
projection formula, see [CR091 Proposition 1.1.11]. This finishes the proof. □ 

Definition 3.4.4. We denote by 

a : (CH*,CH*, x,l)-> (H m ,H*,T,e) 

the composition of the morphism in Proposition 13.4.31 and Corollary 13.3.121 Note 
that there is no conflict with the notation in section [3~2l 



3.4.5. To a weak cohomology theory F = (i* 1 *, F*,T, e) we can attach a graded ad- 
ditive category Corp ([CR09, Definition 1.3.5]). By definition we have 6b(Corp) = 
ob(Sm*) = oh(Sm*), and 

Hom CorF ((X,$),(F,*)) = F(X x y,p($,*)), 

where 

P($, *) := {Z C X x F; Z is closed, pr 2 | Z is proper, 

Znpr^VT) e prjH*) for 

every IF G $}. 

The composition for correspondences is as usual: 

bo a = F.(pi3)(F*(pia)(o) U F*(p 23 )(&)), 

with : Xi x Xi x — > Xj x X,- the projection; the product U is defined by 
a U & := P*(A)(T(a ® 6)) (see [CR.09I 1.3] for the details). 
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Moreover, there is a functor 

PF ■ Corp -> (Ab) 

to abelian groups denned by 
p F {X,$) = F{X,$) 

PF (j) = (a-* F*(pr 2 )(F*(p ri )(a) U 7 )), for 7 e F(X x y, P($, *)), 

(see [CR091 1.3.9]). 
The morphism 

cl : CH = (CH*, CH* ,x,l) -> H = (H*,H*,T,e) 

(Definition induces a functor (see |CR091 1.3.6]) 

Cor(cl) : Corcn — > Cor^. 

For (X, $) € Cor^, the group pg(X, $) = $) is a de Rham-Witt module 

over ft (i.e. an object in dRWfe). The next theorem states that the Chow correspon- 
dences act as morphism of de Rham-Witt modules. 

Theorem 3.4.6. The composition 

CW CH ^rCor^^r (Ab) 

induces a functor 

(3.4.3) Carti : Cor C u -> dRW fe . 

Proof. Let (X, $), (Y, e 5m. Note that Cor CH ((^, $), (Y, *)) is graded and is 
only non-trivial in even degrees. By definition 

Cor% H ((X,$),(Y,V)) = CU dimX+t (X x F,P($,*)), 

(we may assume that X is equidimensional), where CR dlmX+l (X x F, P($, '&)) is 
generated by cycles Z with codimxxY^ = dim X + i, as in 13.3.61 

We will show that a cycle Z g Cor^ H ((X, $), (Y", *&)) defines a morphism 

p d (ci(Z)) *)(-») ->A(Y,tt) 

in dRWfe (the shift by — i concerns only the grading and the differential, which is 
multiplied with (— l) 1 ). 

Because pullback is a morphism of de Rham-Witt modules (Definition I2.2.1|) 
and pushforward is a morphism of de Rham-Witt modules up to the shift with 
the relative dimension (Definition 12.3.11) , we can easily reduce the statement to 
the following claim. For all (X, $) and all irreducible closed subsets Z C X of 
codimension c the map 

H(X, $) ->• H(X x X, $ x $z)(c) 
a^T(a®cl(Z)) 

is a morphism in dRWfe . The compatibility with F and V follows immediately from 
Proposition ^. 1.7f 5) and the invariance F(cl(Zj) = cl(Z) (results of Gros l3.2.3T 4D. 
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The compatibility with d also follows from Proposition 13.1. 7T 5) and d(cl(Z)) = 
ESEg 4)): 

T(da ® ci(Z)) d = (-l) dcg(da) c da x c/(Z) (pOiS)) . 

= (-l)( dog ( a ) +1 )- c d(a x cl(Z)) l5T7r 5V I5T5r 4V 
= {-\) c dT(a®cl{Z)) (pDQj]> . 

□ 

Proposition 3.4.7. (i) For every / : (X, $) — > (Y, m iSm* £/ie transpose 
of the graph C Y x X defines an element in Cor^ H ((F, (X, $)) 

(i.e. /ias degree 0). The morphism 

Cardiff) : H(Y,^) ^ H{X,$) 

is the same as f* in Definition \2.2.1[ 
(ii) For every f : (X, $) — > (Y, ^) in Sm* the graph T(f) C X x Y defines 
an element in CorQ%[ ((X, <E>), (Y, (i.e. has degree — 2r = 2(dim(Y) — 
dim(X))). The morphism 

Cor t i{T{f)) : H(X,<f>)(r) -> # (V, *) 
is the same as /* in Definition \2.3. Ii 

Proof. For (i). Let ii : (X^f^ 1 ^) —> (Y x X, pry 1 ^) be the morphism in Sm* 
induced by the morphism of schemes (/, idx)- Let i± : X (Y x X, r(/)') and i^ : 
(X, .f -1 *) ->(Fx X,r(/) t npr i ; 1 ^') be the morphism in Sm* induced by (f,id x ). 
For all a £ H(Y,^>) we use the projection formula [CR09, Proposition 1.1.11] to 
obtain: 

Cor a (r(/) t )(a) = H*(pr x )(H*(pr Y )(a) U c/(r(/) 4 )) by definition, 

= ff*(pr x )(#*(pr r )(a) U H»(ii)(l)) functoriality of cZ (cf. [53H 
= J?*(pr x )(i?*(i3)(H*(?2)ff*(pi'r)(a)) projection formula, 
= H*(pv x )(H4i 3 )(H*(f)(a)) 
= H*(f)(a). 

The proof of (ii) is similar. □ 

3.5. Correspondence action on relative Hodge- Witt cohomology. For a 

scheme S over k we need a relative version of the functor (|3.4.3j) with values in de 
Rham-Witt modules dRWs over S. 

Let / : X — > S and g : Y — > S be two schemes over S. Suppose that X, Y are 
smooth over k. Since XxsYcXxY defines a closed subset we can define the 
family of supports on X x Y 

(3.5.1) P(X x s Y) := P($ x ,$ y ) nX x s Y, 

this is the family of supports consisting of all closed subsets of X x g Y , which are 
proper over Y. (Recall that §x denotes the family of all closed subsets of X .) If 
h : Z — > S is another S'-schemes which is smooth over k, then 

P13 I Pu(P(X x s Y))npzi(P(Y x s Z)) is proper, 
p 13 (p^(P(X x s Yj)np- 3 1 (P(Y x s Z))c P(X x s Z). 
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By using the fact that CH defines a weak cohomology theory with supports we 
obtain a composition (see |CR09[ 1.3] for details) 

(3.5.2) CR(XxY,P(Xx s Y))xCB(YxZ,P(Yx s Z)) A CH(X x Z, P(X x s Z)), 

(a,b)^boa := CH*(p 13 )(CH*(p 12 )(a) U CH*(p 23 )(&)), 
with morphisms pij induced by the projections: 

P12 : (X x Y x Z,P(X x s Y) x Z) ->• (X x Y,P(X x s Y)) G Sm* , 
p 23 : (X x Y x Z,X x P(Y x s Z)) ->• (Y x Z,P(Y x s Z)) G Sm* , 
Pl3 :{XxYx Z,P{X x s Y)C\P{Y x s Z)) -> (X x Z,P{X x s Z)) G Sm,. 

Definition 3.5.1. We define Cs to be the (graded) additive category whose objects 
are given by fc-morphisms f : X —> S, where X is a smooth scheme over k. Some- 
times we will by abuse of notation write X instead of / : X — > S. The morphisms 
are defined by 

ttom Cs {X,Y) := CU{X x Y,P(X x s Yj), 

and the composition is as in p.5.2[) . For / : X — > S the identity element in 
Homc s (X, X) is the diagonal Ax. 

The verification that the composition defines a category is a straightforward 
calculation. Notice that if X — > S and Y — > S are proper, then Homc s (X, Y) — 
CH(X Xs Y). The full subcategory of Cs whose objects are proper iS-schemes, 
which are smooth over k, has been defined and studied in [CHOO, Definition 2.8]. 

3.5.2. Let a G Hom Cs (/ : X ->■ S, g : Y -> S) = CU(X x Y,P(X x s Y)), with X 
and Y integral. Suppose that a is of degree i, i.e. is contained in CR dimX+i . For 
every open subset U C S we get by restriction an induced cycle 

au e Ca(f-\U) x g-\U),Ptf-\U) x v g-\U))). 

By using the functor Cor^i (|3.4.3j) we obtain a morphism in dRWfc: 

Cor £l ( au ) : H(f-\U)){-i) -► H(g-\U)). 

Recall that AfJ-^U)) = © p g > W{f- x (U), WQ p f _ Hu) ); we denote by 

U i y T(U) = H(f-\U)){-i), U ^ G{U) := Hig-^U)), 
the obvious presheaves on S. 

Lemma 3.5.3. Let a £ Hom Cs (/ : X -> S, g : Y -> S) = CR(X x Y,P{X x s Y)). 
The collection (Corci{au))udS defines a morphism of presheaves 

{Corci{au)) Uc s :T^Q. 
By sheafification we obtain a morphism of sheaves 

(3.5.3) (Cor £l ( au )) UGS ■ R q f*WSl p x (-i) -> R*g.Wi%. 

Proof. Let U, V be two open subsets of S such that V C U. We denote by 
r(/ _1 (^) -> /"H^))* C / _1 (^) x / _1 0O th e transpose of the graph of the 
inclusion / -1 (V) / _1 (£0, and similarly for r^-^V) -> ff _1 (f7))*. 
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Since the restrictions F(U) — > J-(V) and Q(U) — > Q(V) are induced by the 
correspondences Cora (r(/ -1 (V) -> /^(U))*) and Corg/^^-^F) -> cT^f/))*), 
respectively, we only need to prove that 

ng-\V) -+ g-\U)Y o au =a v o T(f-\V) -+ f-\U)Y 

as morphisms in CorcH, i-e. as cycles in 

CE(f-HU) x g-\V),P{r\U) y. s g-\V))). 

Via the identification / _1 (J7) xsg _1 (V) = Z -1 ^) Xsg _1 (V) both sides equal ay- 
Since the sheafification of T is Q) p q>Q R q ft,Wfl p x (—i), and similarly for 5, we 
obtain (15331) . ' ' □ 

Proposition 3.5.4. TTie assignment 

H(l/S) : C s -> dRW s , 

H(X/S) := i?V*^, 

p,g>0 

H(a/S) := {Cor t i{au)) u<zS , 

(cf. Lemma \3.5.3\) defines a functor to de Rham-Witt modules over S. 

For the proof of the Proposition we will need the following lemma. 

Lemma 3.5.5. Let S = Spec(-R). Let X,Y be S-schemes which are smooth over 
k. We denote by f* : W{R) -> H°(X,WO x ) and g* : W(R) -> H°(Y,WO Y ) 
the maps induced by f : X — » 5 and g : Y — > 5 , respectively. We denote by 
pr-L : X x Y ^ X and pr 2 : X x Y ^ Y the projections. 

Let Z C X x 5 Y be an irreducible closed subset which is proper over Y ; we set 
c = codinixxY'^- Then 

H*(pr 2 )(g*(r)) U cl([Z}) = iT (pr^/* (r)) U cl([Z}) 

inH c z (XxY,Wn c XxY ). 

Proof. Choose an open set U C X x Y such that Z fl U is nonempty and smooth. 
Since the natural map 

H%(X x Y,Wn XxY ) -> H c znu (U,Wn c v ) 

is injective (Proposition ^. 4. IT) , it suffices to check the equality on H znu (U, WVl^j). 
We write n : Z n U -> (U, Z n U) in 5m* and i 2 : Z H C/ -> t/ in 5m* for the 
obvious morphisms. By using the projection formula and cl([Z fl U]) = H*(ii)(l) 
1)3.2.3( 1)) we reduce to the statement 

iT(z 2 )iT (pr 2 )(. 9 *(r)) = ff* (i2)H* (pr x ) (/* (r) ) . 

This follows from g o pr 2 o z 2 = / ° pv 1 o z 2 . D 

Proof of Proposition \3.5J\ For two composable morphisms a, 6 in Cs, we clearly 
have 

(bo a)u — bjj o au 
for every open U C 5. This implies ff(6 o a/5) = #(6/S) o H(a/S). 
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Moreover, Corci{au) is a morphism in dRWfc for all U, thus H(a/S) commutes 
with F, V, d. Finally, we need to show that H(a/S) induces a morphism of W{Os)- 
modules. For this, we may assume that S = Spec (R) is affine, and it suffices to 
show that 

Cor £ i(a) : H(X)(-i) -> H(Y) 
is W(i?)-linear. We proceed as in the proof of |CR09[ Theorem 3.2.3]. The ring 
homomorphism /* : W(R) -> H°(X, WO x ) and g* : W(R) -> H°(Y, WO Y ) induce 
the W A (i?)-module structures on H{X) and H (Y) via the U-product: 

r • a = f*(r) U a, 

for all r <G W(R) and a <G H(X); similarly for H(Y). We have to prove the following 
equality for all r £ R, a € H(X), and irreducible closed subsets Z C X x$Y: 

g*(r) U ff.(pr 2 )(fl*(pr 1 )(a) U c/([Z])) = ^(pr 2 )(i?*(pr 1 )(r (r) U a) U cZ([Z])). 

For this, it is enough to show that 

(pr 2 )Gf (r)) U cl([Z}) = H*( Wl )(r(r)) U cZ([Z]) 

in H C Z (X x Y, WJ75f X y), with c the codimension of Z. Lemma [3.5.51 implies the 
claim. □ 

Proposition 3.5.6. Let X and Y be two S-schemes which are smooth over k. 

(i) // Z is the transpose of the graph of a morphism h : X — > Y over S then 
7i([Z]/S) is the pullback morphism defined in \2.2.1\ 

(ii) If Z is the graph of a proper morphism h : X — > Y over S then 1 L L([Z]/S) 
is the pushforward morphism defined in \2.3.1\ 

Proof. The statement follows from Proposition 13.4.71 □ 

3.5.7. Local cup product. Let X be a smooth equidimensional fc-scheme and Z d X 
an integral closed subscheme of codimension c. We have (see e.g. (|3.4.ip ) 

W Z {X, Wn x ) = 0, for all i < c. 

Hence there is a natural morphism in the derived category of de Rham-Witt modules 
on X 

(3.5.4) n c z (Wn x ) -> RT z Wft x [c} 
inducing an isomorphism 

(3.5.5) H z (X,WQx) =H°{X,H z {Wn x ))- 

We may thus define a local version of the cup product with the cycle class of Z, 
cI(Z) € H°(X,H c z {Wn x )) 

(3.5.6) Wfl x -+H c z (Wn x )(c), ah>aUcI([2]):=A*((-l) c ' dcgtt (axclp]))), 
as the composition 

W Q X pr^pr^WQx t})^^^ Wl *H c XxZ (Wn XxX )(c) 

^ pr u A*H c z (Wn x )(c) = H c z {Wn x )(c) 

where A : (X, Z) — >• (X x X, X x Z) in (Sm* / X x X) is induced by the diagonal, 
A* is the pullback constructed in 12.2.11 and x is the exterior product from 13.1.41 
Notice that by LemmaHUaU cl(Z) equals (-l) c dcgQ a • cl([Z]). 
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Lemma 3.5.8. In the above situation the cup product with cl([Z]), 
H\X, WQ X ) -> H l + c {X, WCl x )(c), a ^ a U cl([Z]), 
factors via the local cup product, i.e. equals the composition 



H3.5.4I 



H\x,wn x ) H l (X,U c z (WQ x )(c)) H l z +c (X,Wn x )(c). 

Proof. Recall that for a S H l (X, Wfl x ) the cup product ai) cl([Z]) equals 

H*(A)((-l)^(axcl([Z}))), 

where A : (X, Z) -» (X x X, X x Z) in (Sm* /Spec fc) is the diagonal. Therefore it 
suffices to show that the exterior product 

(3.5.7) x cl([Z}) : H\X, WQ X ) -+ H^ Z (X x X, Wn^ x ) 

factors via H % (X, — ) applied to 

pr^WQ x H c XxZ (Wn XxX ), a i ^ (-l) lc (a x cl([Z})), 

composed with the natural map W XxZ (WQ XxX ) — > RT XxZ Wil XxX [c\. Let 
-EfW.Slx) be the Cousin complex of W,£l x (see 11.5.81 Lemma ll.5.9[) . then the 
complex J^ z E(W m fl x ) equals zero in all degrees < c, hence there is a morphism of 

complexes 



(3.5.8) 



H c z (W.n x ) -> T z E(W.Q c x )[c], 



which, after applying lim to it, represents (|3.5.4[) . We obtain the following commu- 
tative diagram 



pr^EiW^xf-^^EiW.nx) B H c z (W.n x ) 



pr^w.Q*. — w.n q x h u c z (w.n c x ) 

where the top right arrow is the composition 

idK H3~S~8l 



■T XxZ E(W.n^ x )[c] 

13. 5. 81 1 



H 



XxZ 



(w.n 



q+c \ 
AxA"/' 



E{W.n q x )MU z {W.VL x ) 



> B(W.fi^) MT z E(W.Sl%)[c] 



^ b r z £(w.^))[ c ] ^> r IxZ £(ff,^)[ c ]. 

Notice that the isomorphism 

(3.5.9) (E M T z E[c]) = (E M T z E)[c] 

is given by multiplication with (— l) lc on E % M^E^, for all i,j (see the sign 
convention in |ConOO| (1.3.6)]). Now we apply H l (X, — ) oHm to the above diagram, 
use Proposition ^. 1.71 (1), take care about the sign from (|3.5.9p and use (|3.2.3|) and 
we see that (|3.5.T[) factors as desired. □ 
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3.5.9. Let h : S — > T be a morphism of fc-schemcs. Then any two objects 1,7 6 
Cs naturally define objects in Ct (via h) and X Xs Y C X Xt Y is & closed 
subscheme. This gives a natural map CH(X x Y, P(X x s Y)) -> CH(IxF, Ppf x T 
Y)). In this way h induces a functor 

C s -> Ct- 

If /i is fixed, we denote the image of a € Homc s (X, Y) in Homc T (X, Y) via this 
functor again by a. But notice that this functor is in general not faithful. 

Proposition 3.5.10. Let h : S —> T be a morphism of k-schemes. Let f : X — >• S 
and g : Y — > S be two objects in Cs and assume that X and Y are integral and f 
and g are afhne. Let ZcXxsYbea closed integral subscheme which is finite 
and surjective overY , therefore giving rise to a morphism in dRWg (by Proposition 

BP 

H([z\/s) ■. f*wn x -> g*wn Y . 

Then we have the following equality of morphisms in dRW^ 

MZ]/T) = KKUm/S) : R*(hf) m WSl x ->■ &(hg)*WSl Y . 

i i i 

Proof. We consider the following composition in the derived category of abelian 
sheaves on S: 

(3.5.10) f*wn x ^ R(fp^)*WQ XxY 

^> R(Jpr l ).H c z (Wn X xY)(c) 
- ZCXxsY ) R(g W2 )*H c z (Wn XxY )(c) 
^> g*Rpv 2 *RT z (Wtl XxY )[c](c) 
> g*Wlt Y . 

Notice that the third arrow only exists in the category of abelian sheaves, it is not 
respecting the T^Os-module structure. We claim that the composition (|3.5.10[) 
equals H([Z]/S) and that e,-g/i, (|3.5.10|l equals H([Z]/T). This will prove the 
statement. Clearly it suffices to prove the last claimed equality, the first then 
follows with ft, = id. 

To this end, let U C T be an open subset. We denote by Xjj, Yjj and Zjj 
the pullbacks of X, Y and Z over U. Then Car & i{[Zu}) : H^Xu^WUxv) ~> 
H l (Yjj, WQ, Yu )(c) is given by the following composition 

H l (x v ,wn Xu ) w(Xu,R P v u wn XuxYu ) 

^W(Yu,Rpv 2 ,Wn XuxYu ) 

Ucl([Z v ]) 



> W{Yu,R W ^RT Zv Wn XuxYu [c]{c)) 

Since / and g are affine this composition equals by Lemma 13.5.81 the composi- 
tion HUh-^U). (|3.5.10|t ). By definition H([Z]/T) is the sheafification of U ^ 
CoreidZu]) and the sheafification of U h-> H i Qi- 1 (U), $M® ) is R l hJ M.5. 101 )1. 
This proves the claim. 
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□ 

3.6. Vanishing results. Recall from Proposition 13 . 5 .41 that we have a functor 

#(?/£) : C s ->■ dRW s , 

H(x/s) := R q f*wn p x 

p,q>0 

(cf. Definition 13.5.11 for Cs)- Let f : X — > S, g : Y — ¥ S be objects in Cs, i.e. 
^-schemes which are smooth over k. For simplicity let us assume that X and Y 
are connected. For an equidimensional closed subset Z d X x s Y which is proper 
over Y and has codimension dimX + i in X x Y we obtain a morphism in dRW^: 

Mz]/s) : I R*uwn x \ (-i) i?V^y- 

\p,9>0 / p,g>0 

Lemma 3.6.1. Let Zc^XsF fte closed subset which is proper over Y . Let r > 
be an integer. Suppose that for every point z € Z the image pr 2 (z) is a point of 
codimension >rinY. Then there is a natural number N > 1 such that 

N • imaged ( [Z] /S) ) C R q g*Wn^. 

p>r,q>r 

In other words, the projection of image( - H([Z]/5)) to 

Wg.WSfy 

p<r or q<r 

is killed by N . 

Proof. We may assume that Z is irreducible and X, Y are connected. We set 
i = dimY — dim Z = codimxxY^ — dim X. 

By using an alteration we can find a smooth equidimensional scheme D of 
dimension dim!" — r together with a proper morphism n : D — > Y such that 
ir(D) D pr 2 (Z). In particular, Z is contained in the image of the map idx Xj 7r : 
X x s D ^ X x s Y. 

Let Zrj cXxjAbcan irreducible closed subset with dim(Zrj) = dim(Z) and 
(idx x t)(Zd) = Z. (Zd is automatically proper over D.) We define iV to be the 
degree of the field extension k(Z) C k(Zu)- 

We obtain three maps: 

H(Z/S) : U(X/S)(-i) -> H(Y/S), 

H{Z D /S) : H(X/S)(-i) ->■ H(D/S)(-r), 

H{T{ir)/S) : H{D/S){-r) -> H[Y/S), 

(T(tt) denotes the graph of 7r). We claim that 

iV • 7i(Z/5) = W(r(7r)/5) o H{Z D /S). 

Indeed, by functoriality it is sufficient to prove 

N ■ [Z] = [T(tt)} o \Z d \ 

where o is the composition in Cs (see (|3.5.2jl ). This is an easy computation in 
intersection theory. 
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Thus it is sufficient to show that 

imageCH([r(7r)]/5)) c R q g*WQ 

p>r,q>r 



Proposition 13 . 5 . 6l impf ies that H(\T(tt)]/S) is the push-forward 7r* defined in 12.3.11 
Thus 

H([r{n)}/ S)(R q {g o ir)*WQ p D ) C R q+r g,Wn p Y +r , 
for all (p, q), which completes the proof. □ 

Lemma 3.6.2. Let Z C X x g Y" be closed subset, which is proper over Y. Suppose 
that X is equidimensional of dimension d. Let r > be an integer. Suppose that 
for every point z G Z the image pr 1 (z) is a point of codimension > r in X . Then 
there is a natural number N > 1 such that 

N -l R q f*WVL p x j C kev(Um/S)). 

\p>d—r or q>d~r J 

Proof. The proof is analogous to the proof of Lemma 13.6.11 

We may assume that Z is irreducible and Y connected. We set i = dimy — 
dimZ = codimxxY-Z — dimJT. 

By using an alteration we can find a smooth equidimensional scheme D of dimen- 
sion d — r together with a proper morphism tt : D — > X such that tt(-D) D pr 1 (Z). 
In particular, Z is contained in the image of the map tt x 5 idy : D x $Y X x $Y . 

Let Ze> C D Xs Y be an irreducible closed subset with dim(Zr)) = dim(Z) and 
(tt x idY)(Zjj) = Z. (Zd is automatically proper over Y.) We define N to be the 
degree of the field extension k(Z) C k(Zo)- 

We obtain three maps: 

H(Z/S) : H{X/S)(-i) -> H(Y/S), 

H(Z D /S) : H(D/S){-i) -> H(Y/S), 

n(T(TrY/S) : H(X/S) -> H(D/S), 

(r(?r)* denotes the transpose of the graph of tt). We claim that 

N ■ H(Z/S) = H(Z D /S) o H(T(iry/S). 

Indeed, by functoriality it is sufficient to prove 

N-[Z] = \Z D ]o[T^f] 

where o is the composition in Cs (see (|3.5.2p ). This is a straightforward calculation 
in intersection theory. 

Because dimD = d — r, the map 'H(r(7r) t /S') vanishes on 

R q f*wn p x , 

p>d— r or q>d—r 

which proves the statement. □ 

Remark 3.6.3. Resolution of singularities implies that Lemma 13.6.11 and 13 . 6 . 2 1 hold 
for N =1. 

3.7. De Rham-Witt systems and modules modulo torsion. 
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3.7.1. Let A be an abelian category (only A = dHWx and A = dRWx will be 
important for us). There are two natural Serre subcategories attached to torsion 
objects of A. We define 

A b -tor ■= {X G ob(A) I 3n G Z\{0} : n ■ id x = 0} 

as full subcategory of A. We define 

Ator ■= {X G ob(.4) | 3(Xi) ieI G Al_ tor 3<f> : 01, ^ X epimorphism} 

iei 

as full subcategory of A. Note that the index set / is not finite in general. Obviously, 

Ab—tor C Ator- 

3.7.2. If A is well-powered, e.g. A = dRWx , then the quotient categories A/ Ab-tor 
and A/ Ator exist and are abelian categories. We refer to [Gab621 Chapitre III] for 
quotient categories. The functors 

q: A A I Ab-tor-, q : A-f AjAtor, 

are exact. Moreover, q(X) = if and only if X G Ab-tor', the same statement holds 
for q' and Ator- There is an obvious factorization 

A y Aj Ab—tor ^ Aj Ator- 

If A is the category of (left) modules over a ring R then 

A/ Ator = (R <8>z Q- modules). 

We define 

Aq :— A/ Ab-tor- 

For future reference, we record the following special case. 
Definition 3.7.3. Let X be a scheme over k. We define 

dRWx,Q := dW x /dRWx,6-tor 
as quotient category. We denote by q the projection functor 

q : dRWx -> dKWx,Q. 
We use the same definitions for dRWx- 

The main reason for working with the quotient A/ Ab-tor instead of A/ Ator is 
that the Horns are well-behaved. 

Proposition 3.7.4. Let A be a well-powered abelian category. Let X, Y G ob(A). 

Then 

Uom AQ (q(X),q(Y)) 
is naturally a Q-module and the map 

Hom A (X,Y) ® Z Q -> Hom^pO^Cn) 

is an isomorphism. 
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Proof. For any n G Z\{0} the morphism q(Y) q(Y) in Aq is invertible; therefore 

QcHom Aj (g(y), g (y)). 

Via the composition 

Hom(g(X),g(Y)) x Rom(q(Y),q(Y)) -> Hom(g(X), g(y)) 

we see that Rom(q(X) , q(Y)) is a Q-module. The Q-module structure induced by 
Q C Rom(q(X),q(X)) and 

Rom(q(X),q(X)) x Hom(g(X), q(Y)) -> Hom(g(X), 

is the same, because 

/ o (g(X) A g(X)) = (q(Y) ^ q(Y)) of = nf. 

We need to show that the canonical map 

Horn^X, 7) ® z Q-> Uom AQ (q(X),q(Y)) 

is an isomorphism. 

For the injectivity it is sufficient to prove that for all / E Hom^ (X, Y) with 
l(f) = it follows that n ■ f — for some n <G Z\{0}. Indeed, q(f) = implies 
image(/) <E .4&_t or ; thus there is an integer n ^ with n • it2i mag e(/) — 0- It follows 
that nf = 0. 

For the surjectivity, let / : X — > Y be a morphism in ^4 such that ker(/), coker(/) £ 
^lb-tor; equivalently g(/) is an isomorphism. We need to show that the inverse 
map g(/) _1 is contained in the image of Horn^Y, X) ®i Q. Choose an integer 
iii ^ such that ri\ ■ id^erf/) = ®- Then there exists g\ : im(/) — > X such that 
gi o f = m ■ iiix- Let ii2 ^ be an integer such that ri2 • *e? C okcr(/) = 0. Then 
y Y factors through im(/) and we obtain 52 : Y im(/) X. Thus the 
image of 52 ® («i • «-2) _1 is the inverse of q(f). □ 

Corollary 3.7.5. Let F : A — s- B be a functor between well-powered abelian cate- 
gories. There is a natural functor Fq> : Aq — > Bq defined by 

F Q (q(X)) = F(X) 

for every object X in A, and 

F Q : Kom Aq (q(X),q(Y)) -> Hom BQ (F Q q(X), F Q q(Y)) 

Fq := F ®z idq 
via the isomorphism of Proposition \3. 7.4\ 

Remark 3.7.6. The statement of Corollary 13 . 7 . 5 1 also follows from 

F(A b -tor) C B b - 

I or 

by using the universal property of the quotient category. 

Proposition 3.7.7. Let F : A — > B be a left-exact functor between well-powered 
abelian categories. Suppose that the left derived functor 

RF : D+{A) -> D + (B) 

exists. Suppose that there exist sufficiently many F-acyclic objects in A. Then 

Fq : A® -» Bq 
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is left-exact and the left derived functor 

RFq : D + (Aq) — > D + (Bq) 
exists. Moreover, the diagram 

RF 



D+(A) 

D+(q) 



D+{B) 

D+(q) 



is commutative. 
Proof. Let 
(3.7.1) 



RFo 

D+(Aq) l> 



->• X' A Y' Z' ->• 



be an exact sequence in Aq. By |Gab62| Chapitre III,§1, Corollaire 1] we can find 
an exact sequence 

(3.7.2) o^iAyAz^o 

in A and isomorphisms X' q(X),Y' q(Y), Z' q(Z), such that the diagram 
>■ X 1 f —+ Y' 9 —+ Z' - 



q(X) -U q(Y) q(Z) 

is commutative. Since q is exact and qF = F^q, it follows that Pq is left exact. 
We define 

P Q : = {X 1 e ob(Aq) | 3X e ob(A) : q(X) = X' , R l F{X) € B b - t or for all i > 0} 

as a full subcategory of Aq. If X € ob(_4) is an F-acyclic object then q{X) £ Pq. 
Therefore every object Y G ob(Ao) admits a monomorphism i : Y — > X with 
Xeoh(P Q ). 

Suppose that in the exact sequence (|3.7.1|) we know that X' E ob(pQ>). We claim 
that the following holds 

Y' g ob(P Q ) & Z' e ob(P Q ). 

As above, we may prove the claim for (|3.7.2p instead of Q3.7.ip . It is easy to see 
that R l F(X) £ £>b-tor for all i > 0, and we conclude that 

qK l F(Y) qFSFiZ) for all i > 0. 

This implies the claim. 

In the same way we can see that if (|3.T.1[) is an exact sequence with objects in 
Pq then 

->■ F Q (X') -> F q (Y') -> F Q (Z') -> 
is exact. From [Har66, I, Cor. 5.3, 0\ it follows that the left derived functor 

RF q :D + {Aq)^D+(B q ) 
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exists. Moreover, if X is i^-acyclic then q(X) is Fq acyclic. Therefore the diagram 



D+(A) 



RF 



D+{B) 



D+{q) 



D + {Az) 



RFr 



D+(q) 



is commutative. 



□ 



Remark 3.7.8. Let / : X — > Y be a morphism between fc-schemes and $ a family 
of supports on X. The assumptions of the Proposition are satisfied for the functors 

dRWx -> dRWx, 
dRWx -> dRWy, 

dRW x -> dRWx, 
dRWx dRWy, 

dRWx ->■ dKWV, 



/* 
hm 
/* 



of Proposition 11.5.61 



Notation 3.7.9. In general, we will denote by a subscript Q the image of an object 
of dRWx (resp. of D + (dRWx)) under the localization functor q (resp. D + (q)). If 
F : dRWx - > dRWy is a functor we will by abuse of notation denote Fq again by 
F and RFq again by RF. Thus q{Rf*WVt x ) will be denoted by Rf*WVL x ,®, etc. 
(Warning: WClx,q is not the same as Wttx <8>z Q-) 

4. WlTT- RATIONAL SINGULARITIES 

All schemes in this section are quasi-projective over k. 
4.1. The Witt canonical system. 



4.1.1. Recall from Definition 11.8.31 the notion of a Witt residual complex. Let X 
be a ^-scheme with structure map px '■ X — > Spec k , then there is a canonical 
Witt residual complex Kx = PxW,lu (see Notation 1 1 . 9.2|) . This complex has the 
following properties: 

(1) If X is smooth of pure dimension d, then there is a quasi- isomorphism of 
graded complexes rx : W,ujx — ► Kx(—d)[—d], which is compatible with 
localization. (Ekedahl, see Theorem ll. 10.31 ) 

(2) If j : U <—> X is an open subscheme, then j*Kx — Kjj (see Proposition 

MM- 

(3) If / : X — > Y is a morphism of fc-schemes, then there is a canonical iso- 
morphism f A Ky — i^x induced by Cf jPY , where is the structure map 
of y. This isomorphism is compatible with composition and localization 
and in case / is an open embedding also with the isomorphism in (2) (via 
/* = / A ). (See Proposition MM) 

(4) For a proper fc-morphism / : X Y, there is a trace map Tr/ : f*Kx — > 
Ky, which is a morphism of complexes of Witt quasi-dualizing systems 
(see Definition ll.6.3j) : it is compatible with composition and localization 
(see Lemma fl.8.9|) . 
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(5) We have a functor 

D x := Hom(-,K x ) : C(dRWx, qc )° -> C(dRW x ). 

It preserves quasi-isomorphisms and hence also induces a functor from 
^(dRWx.qc) to D(dRWx) (see EH]). 

(6) Let / : X — > Y be a finite morphism. We denote by 

/*£>xR -> By (/.(-)) 

the composition 

UHom(-,K x )^Hom(f*(-)J*K x )^UUom(-,K Y ). 

Then is an isomorphism of functors on C~(dRWx, qc ); it is compatible 
with composition and localization. (It is an isomorphism on each level by 
duality theory, see ll.7.31 (7); for the other assertions see Proposition ll.9.41 ) 

Definition 4.1.2. Let X be a fc-scheme of pure dimension d. The Witt canonical 
system on X is defined to be the (— d)-th cohomology of Kx sitting in degree d and 
is denoted by W,oj x , i.e. 

W.ujx ■= H- d (K x )(-d). 

Since W.Ox is a Witt system (i.e. a de Rham-Witt system with zero differential), 
W,u>x inherits the structure of a Witt system from the canonical isomorphism 
Kx — Hom(W,Ox , Kx) and 14.1. II (5). We denote the limit with respect to ir by 

Wlux ■= Um W,u)x- 

Remark 4.1.3. Notice that in case X is smooth the above definition of W.ujx 
coincides (up to canonical isomorphism) with our earlier definition of W m uix — 
W.Cl x , bv 14.1.11 (1). But observe, in Example H.6. 4) (2) we viewed it as a Witt 
dualizing system, whereas now as a Witt system. This will not cause any confusion. 

Proposition 4.1.4. Let X be a k-scheme of pure dimension d. Then W,uj x has 
the following properties: 

(1) The sheaf W\lo x equals the usual canonical sheaf on X if X is normal. 

(2) The complex K x is concentrated in degree [— d, 0], hence there is a natural 
morphism of complexes 

W.u x -> K x (-d)[-d]. 

This morphism is a quasi-isomorphism if X is CM. 

(3) For each n the sheaf W n u>x is a coherent sheaf on W n X , which is S2. 

(4) Let j : U X be an open subscheme which contains all 1-codimensional 
points of X . Then we have an isomorphism of Witt systems 

W.ujx "'""*'> j*j* W.ujx = j*W.uu. 

If X is normal, U can be chosen to be smooth, in which case we have an 
isomorphism 

which is induced by (1) and (2). In particular the transition maps 

W n U!x — > W n -\Uix are surjective if X is normal. 
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(5) Assume X is normal. Then there is a natural isomorphism for all n 

Hom(W n u x ,W n <J x ) = H- d {D x , n (W n u x ){-d)), 

where Dx,n{—) = Hom(—,Kx,n)- Therefore T-Lom(W,u>x, W,u>x) is natu- 
rally equipped with the structure of a Witt system and multiplication induces 
an isomorphism of Witt systems 

W.O x ■=> Uom(W m u x ,W m u x )- 

(6) Let f : X — > Y be a proper morphism between k-schemes, which are both of 
pure dimension d. Then we define the pushforward /* : f*W,uJx ~^ W^ujy 
as the composition in dRWy 

/* : f*W.Lu x = f*H- d {K x ){~d) = H- d (f*K x )(~d) H- d (K Y )(-d) = WW 

This morphism is compatible with composition and localization and in case 
X and Y are smooth coincides with the pushforward defined in Definition 
ELO (for S = Y.) 

(7) The sequence of W n O x -modules 

-> t n *W n -lU)x =*■ W„uj x > i*F x * u x 

is exact for any n > 1 . Furthermore, if X is CM, then the map on the right 
is also surjective. (Here we write uj x '■= W\ui x .) 

Proof. (1) is clear by construction. (In the derived category of coherent sheaves 
Kx,i is isomorphic to p x k, where px ■ X Spec k is the structure map.) It 
suffices to prove the other statements on a fixed finite level n. 

(2) . The codimension function associated to K Xn (see ll.7.Ij) is given by 

dK Xn {x) = —trdeg(k(x)/k) — dim Ox, x — d 

(see |ConOQ[ (3.2.4)]). This already gives the first statement of (2). For the second 
statement the same argument as in |Eke84[ I, 2.] works (there for smooth schemes). 
For the convenience of the reader we recall the argument. Let X be CM. We have 
to show that H l (Kx, n ) = for all i ^ —d. For n = 1 this follows from (1). We 
have an exact sequence of coherent W n Ox -modules 

-> i^F^Ox W n O x ^ in*W n -xOx, 

where Fx denotes the absolute Frobenius on X and i, i n denote the closed embed- 
dings X <—> W n X, W n -\X W n X . Applying RHomw„O x (~ > Kx,n) to it and 
using duality for the finite morphisms i-FJ -1 and i n (cf. 14.1.11 (6)) we obtain a 
triangle in D(W n O x ) 

(4.1.1) i n *K x ,n-i -> K x<n -> {iFx^^Kxs -> i w K x , n -i[^]- 

Therefore the statement follows by induction. 

(3) . Since K Xn is a residual complex, it has coherent cohomology by definition. 
To prove the 5*2 property of W n uj x it suffices to show 

(Ert° WnOx Jk(x),W n tJx,a;) = 0, forallxe^W 
]Ext\ Vn0x Jk(x),W n ujx, x ) = 0, for i = 0,1 and all x G X^ 2 \ 
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where denotes the points of codimension c. By the formula for the codimension 
function associated to Kx,n above and |Har66| V, §7], we have 



(4.1.3) Ext^a (k(x),K x ,n) 



0, iix^X^ l+d \ 
k(x), iixeX ( - l+d \ 

Thus the vanishing (|4.1.2j) can easily be deduced from the spectral sequence 

E%* = Ext l (k(x),W(K x , n )) => E x t i+j (k{x),K x>n ) 

and the vanishing = if i < or j [-d, 0] (by (2)). 

(4) . The first morphism is bijective by (3) and |SGA2[ Exp. Ill, Cor. 3.5]. 

(5) . The first isomorphism is obtained by considering the spectral sequence 

E^(W n cu x ,W(K x ^ n )) Ext i+ i(W n LJ x ,K Xtn ) = H l+ \D x ^ n {W n uj x )) 

and using that W{K x ^ n ) ^ only for j 6 [— d, 0], by (2). The second isomorphism 
can easily be deduced from (4), the isomorphism W n O x ^> j*W n Ou (W n O x is 
S2) and the corresponding statement for smooth schemes, see ll.10.Tl 

(6) The equality f*H~ d (K x ) = H~ d {f st K x ) follows from the spectral sequence 
K l f*W(K x ) => R i+ i f*K x , (2) above and from Rf*K x = f*K x . The other 
statements follow from l4.1Tl (4). 

(7) Recall that F and p on W,uj x are defined by the isomorphism K x = 
Hom(W,O x , K x ) and the formulas in II .6.61 Thus the exact sequence in (7) is the 
result of applying H~ d to the triangle (|4.1.1[) above and using the isomorphisms 
poej and V o e ai from 11.6.51 □ 

Definition 4.1.5. Let / : X —> Y be a finite and surjective k- morphism between 
integral normal schemes both of dimension d. 

(1) We define a pullback morphism in dRWy 

/* : W.ujy -t f*W.uj x 

as follows: Choose open and smooth subschemes j x : U X and jy ■ 
V <—> Y, which contain all 1-codimensional points of X and Y respectively 
and such that / restricts to a morphism /' : U — » V. We define /* as the 
composition 



> f*W.L> X . 

It is straightforward to check, that this morphism is independent of the 
choice of U. We also write /* for the sum of the natural pullback on W m O 
with the just defined pullback, i.e. 

/* : W.O Y ® W.ujy -> f*(W.O x © W.lu x ). 

Taking the limit we obtain a pullback in dRWy 

/* : WO Y © Wloy -> f*{WO x © Wlu x ). 

(2) We define a pushforward in dRWy 

/* : UW.O x -> W.O Y 
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as the composition 



~ 14 1 JlfBl 

UW.O x 11 k fMom{W.u x ,W.uj x ) 

TJ - d 



> H- a (f,D x (W.uo x ){-d)) 
H- d {D Y (f*W.uj x ){-d)) 



Dr(D,(l) 



> ff- d (Dy(>>y)M)) 



J4 1 4|(5) 



We also write /* for the sum of the pushforward on f*W,ui x defined in 
Proposition 14.1.41 (6) with the just defined pushforward. Taking the limit 
we obtain a pushforward in dKWY 

/* : f*(WO x ® Wuj x ) ->■ WO Y © Wujy 

Lemma 4.1.6. Let f : X — > y fee a finite and surjective k-morphism between 
normal integral schemes of dimension d. 

(1) Let jy '■ V ^ Y be an open smooth subscheme, which contains all 1- 
codimensional points ofY and such that U := / (V") C X is smooth and 
contains all 1-codimensional points of X (e.g. V = Y \ f(X s i ng )). Denote 
by j X :U <-> X and f :U= f- x (V) V the pullbacks. Then 

Jx ° / = / ° Jy-, Jy ° /* = /* ° Jx-> 

where f* is the pullback defined in Definition \2.2.l\ and fl is the pushfor- 
ward defined in Definition \2. 3.1\ (with S = V). 

(2) The composition /* o /* equals the multiplication with the degree of f . 

Proof. The first part of (1) follows from the fact that all the maps in the definitions 
of /* and /* arc compatible with localization; the second part follows immedi- 
ately from the definitions. For (2) we have to check that /* o /* — deg / = in 
Uom{W m O Y ,W.O Y ) = W.O Y and in Hom(W.u) Y , W.lj y ) = W.Oy. It suffices 
to check this on some open V C Y and hence the assertion follows from (1) and 
Proposition |2"X41 ( Gros ) . □ 

4.2. Topological finite quotients. 

4.2.1. Universal homeomorphisms. Recall that a morphism of /c-schemes u : X — > 
Y is a universal homeomorphism if for any Y' — > Y the base change morphism 
X x y f -> y' is a homeomorphism. By |EGAIV(4)[ Cor. (18.12.11)] this 



it- 



is equivalent to say that u is finite, surjective and radical. In case X and Y are 
integral and Y is normal it follows from |EGAI[ Prop. (3.5.8)], that it is a universal 
homeomorphism if and only if u is finite, surjective and purely inseparable (i.e. 
k{Y) C k(X) is purely inseparable). 

4.2.2. Relative Frobenius. We denote by a : Spec A: — > Specfc the Frobenius (we 
will not use the notation from section fl .21 any longer); for a /c-scheme X we denote 
by X^ the pullback of X along a n : Specfc -> Spec A: and by a\ : X^ -> X 
the projection. Notice that since k is perfect, o~\ is an isomorphism of F p -schemes. 
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The n-th relative Frobenius of X over k is by definition the unique fc-morphism 
F x/k : X x(n) which satisfies a\ o F x/k = F x , where F x : X ^ X is the 
absolute Frobenius morphism of X. Clearly F ' x ^ k is a universal homeomorphism. 

Lemma 4.2.3. Let u : X — > Y be a morphism between integral k-schemes, which 
is a universal homeomorphism and assume that Y is normal. Then deg u = p n for 
some natural number n and there exits a universal homeomorphism v : Y —> X^ n ' 
such that the following diagram commutes 

F X/k , , 

X 

KXidspec k 

Y — Y (n \ 

F Y/k 

Proof. We may assume X = Spec£? and Y = Spec A. Then by |4.2.1l u* : A <-t B 
is an inclusion of fc-algebras which makes k(A) C k(B) a purely inseparable field 
extension of degree p n . F x J k is given by B ®k,a n k^B,b<E)X^b p X. But 
b p " £ k{A)C\B = A by the normality of Y. Therefore F"* fc factors via u* : A ^ B. 
We obtain a homomorphism of fc-algebras B ®k,a n k — > A, which gives rise to a 
fc- morphism v : Y — ¥ It follows that v is a universal homeomorphism, which 

makes the diagram in the statement commutative. □ 

Lemma 4.2.4. Let u : X — > Y be a universal homeomorphism between two integral 
and normal schemes. Let and u* be the pushforward and the pullback from 
Definition \4- 1.5\ Then 

u^u* = degw • \d(wo Y ®Wu Y ), u*u* = degu ■ id u ^ WOx(BWuJx y 

Proof. The equality on the left is a particular case of Lemma T4. 1.61 (2). To prove 
the equality on the right we may assume that X and Y are smooth (by Proposition 
14.1.41 and the corresponding statement for WO). Then by Lemma [4.1.61 (1) and 
Proposition [3331 we have u* = H([T]/Y) and u* = HdT^/Y), where T C X xY 
is the graph of u and r its transpose. Therefore we are reduced to show 

(4.2.1) [r*]o [r] =dcgu- [A x ] in GH(X X X,P(X X Y X)), 

where Ax C X x X is the diagonal. But since u is flat (being a finite and surjective 
morphism between integral and smooth schemes) and a homeomorphism, we have 

[r*] o [r] - [X x Y X] = dim KX )(k(X) ® fc(y) k(X)) ■ [A x ] = degu ■ [A x ]. 

□ 

Definition 4.2.5. Let X be a normal and equidimensional scheme. We say that 
X is a finite quotient if there exists a finite and surjective morphism from a smooth 
scheme Y — > X. We say that X is a tame finite quotient if this morphism can be 
chosen to have its degree (as a locally constant function on V) not divisible by p. We 
say that X is a topological finite quotient if there exists a universal homeomorphism 
u '. X — ¥ X 1 to a finite quotient X' . 

Remark 4.2.6. If X' is a finite quotient, so is X'^ . It follows from Lemma [4.2.3l that 
if X is normal and equidimensional and if there exists a universal homeomorphism 
u : X' —¥ X with a source a finite quotient X' , then X is a topological finite 
quotient. 
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Topological finite quotients are good to handle because of the following Propo- 
sition. 

Proposition 4.2.7. Consider morphisms 

Z 



where X is smooth and integral, Y, Z are normal and integral, f is finite and 
surjective and u is a universal homeomorphism. Let a : Y — >• S be a morphism to 
some k-scheme S . Set 

/3 := pr 1|3 ,[JC x Y Zx Y X]m Rom° s (X,X) = GR dhnX (X xX,P{Xx s X)), 

where pr 1 3 : X x Z x X — > X x X is the projection (see \3.5\ for the notation). Then 
for all i the composition 

fou,: R l {au)*{WO z © Wu z )q -> R l {af),{WO x © Wu x )q 

induces an isomorphism in dRWs 

R\au),{WO z © Woj z ) q S n(p/S){R l (af),(WO x © Wu x )q), 

where H(/3/S) is the morphism from Proposition \3.5.^\ (see Notation \ 3. 7. 9\ for the 
meaning of the subscript Q). 

Proof. First of all notice that both / and u arc finite and universally equidimen- 
sional. It follows that /3 defines an element in GR dimX (X x X,P{X x Y X)), a 
fortiori in CB dimX {X x X,P(X x s X)). In particular, Proposition [333] yields a 
morphism 

H{fi/Y) : U{WO x © Wujx) -> U{WO x © Wu x ). 

We claim 

(4.2.2) H(P/Y) = 

with /*, u*, u*, f* as in Definition 14 .1.5 1 By Proposition ^. 1.41 (4) and Lemma l4".1.6l 
(1) and since H(/3/Y) is compatible with localization in Y (just by construction), 
we may assume, that X, Y and Z are smooth. Then 

(3 = [r } ] o [r„] o [r*] o [r f ], 

where we denote by C Y x X the transpose of the graph of /, etc. Therefore 
claim (|4.2.2j) follows from Proposition 13.5.61 Thus Proposition 13.5.101 implies that 

H(f3/S)(R l (af)*(WO x © Ww x ) 

= Image(/*u*w*/* : &(af).(WO x © Wu x ) ->■ &(af).(WO x © Wu x )). 

Thus the assertion follows from (u*/*)(/* u ») = deg/degu • id (by Lemma 14.1.61 
(a) and Lemma |4X4)) . □ 
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4.3. Quasi-resolutions and relative Hodge- Witt cohomology. 

Definition 4.3.1. We say that a morphism between two integral fc-schemes / : 
X — ¥ Y is a quasi-resolution if the following conditions are satisfied: 

(1) X is a topological finite quotient, 

(2) / is projective, surjective, and generically finite, 

(3) the extension of the function fields k(Y) C k(X) is purely inseparable. 

Condition (2) and (3) are for example satisfied if / is projective and birational. 

Let X, Y be integral and normal. In general, every projective, surjective and 
generically finite morphism / : X — s- Y can be factored through the normalization 
Y' of Y in the function field k(X) of X: 

The morphism /' is birational and u is finite. If k(Y) C k(X) is purely inseparable 
then u is a universal homeomorphism. 

Remark 4.3.2. Let X be an integral fc-scheme. It follows from the proof of |dJ971 
Cor. 5.15] (cf. also |dJ96, Cor. 7.4]), that there exists a finite and surjective 
morphism from a normal integral scheme u : X' — > X, such that k(X) C k(X') is 
purely inseparable and a smooth, integral and quasi-projective scheme X" ', with a 
finite group G acting on it such that there is a projective and birational morphism 
/ : X"/G —> X'. In particular X has a quasi-resolution 

X"/G -4 X' A X. 

Theorem 4.3.3. Let Y be a topological finite quotient and f : X — > Y a quasi- 
resolution. Then the pullback f* and the pushforward ( see Proposition \4-l-4\ (6)) 
induce isomorphisms in i3 b (dRWy i Q) 

/• : WOy.q ^ /»'/. U C' v. .:- //,/'. H ~\\ .:: = UWu XM [Q] -^A Wu> YM . 

Proof. We can assume that X and Y are integral schemes of dimension d and (by 
Lemma r4.2.4j) also that they are finite quotients. Thus there exist smooth integral 
schemes X' and Y' together with finite and surjective morphisms a : X' — > X and 
b : Y' -> Y. Let 

be a factorization of /, with n projective and birational, X\ normal and u & universal 
homeomorphism. We can find a non-empty smooth open subscheme Up C F, such 
that Ux := u'^Uo), U 2 := -k~ 1 {Ui), := b- l {U ) and := cT 1 ^) are smooth 
and ~k\U2 is an isomorphism. Notice that a\U^ 6|J7q and u\U\ are then automatically 
flat. Set Z' := Y' \ % and Z' 2 := X' \ XJ' 2 . We define 

a := [X' x x X'} G CR d (X' x X', P(X' x x X')), 

/3 := [Y' x y Y'] G CH d (r' x Y',P(Y' x Y Y')), 

7 := [X' x Y Y']e GYL d {X' x Y', P(X' x Y Y')). 

(See 13.51 for the notation.) These cycles are well-defined since a : X' — > X and 
b : Y' —> Y are universally equidimensional. We claim 

(4.3.1) deg&- (70 a) - dega- (/3 o 7) g image(CH(Z^ x Y Z' Q )), 



(4.3.2) 



dego • (7* o p) - degfo • (007*) g image(CH(^ x Y Z' 2 )), 



so 
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(4.3.3) (7* o 7 o a) - (deg a deg b deg u) ■ a £ image(CH(Z 2 x Y Z' 2 )), 

(4.3.4) (707* op) - (deg a deg 6 deg u) • f3 € image(CH(Z x Y Z' Q )). 

Observe that {U 2 x Y Y') U (X' x y Uq) = U 2 x Uo Uq etc. Thus using the localization 
sequence we see that it suffices to prove 

deg6- {l\u^u' Q °u\u^xuO = dega • (fi\u' ^u' l\u^u' () ) & CH(U^ x Uo U' ), 

dega- (7'^x^ P\u> xu> ) = deg6- (a^x^ °7|^ x ^) € CH^ x^ C^), 

(7|^xc/^ °l\u' 2 xu' a^xuO = (deg a deg 6 deg u) • a^ xU ^ e CH([/^ 

(7|^xcjj °7|^x^ °^|^xt/^) = (deg o deg 6 deg u) ■ P\u' xu' € CH([/q X;7o f^). 

Obviously 

7|^xt^ = [r^/] o [T^J o [r^J o [r a! ^]. 

Thus the claim follows from 

[r„|aj ° FVJ = deg U • [A[/ ], [T^J o [V u[Ul ] = degu ■ [A ai ]; 

see (|4.2.1[) for the equality on the right. 

In view of the vanishing Lemmas 13.6.11 and 13.6.21 we see that (|4.3.ip implies, 
that 7t(7/y) induces a morphism 

U{a/Y) ^0 ff(/a)*(lfOx' 8 ^-) Q j #08/^) (6,(WO^ © Wwy/) Q ) 

and (|4.3.2[) implies that H^/Y) induces a morphism 

H(J3/Y) (K(WOY>®WwY>)Q)->H(a/Y) (&&(Ja).(WO x , ®Wu x >)t?J ■ 

By (|4.3.3p and (|4.3.4[) these morphisms are inverse to each other, up to multipli- 
cation with (deg a deg 6 degu). By Proposition 14.2.71 a* induces for all i an iso- 
morphism Wf^WOx © Woj x )q -> 'H(a/r)(i? l (/a) >t (M/O x , © Wwjc)q) and b* 
induces an isomorphism {WO Y © Wu y )q, -> ?i(/3/y)(&*(W(!V © WW')q)- This 
gives ^^M^Ca.q = = U '^'\ .;;. for all i > 1. It also gives isomorphisms 
in cohomological degree 0, but it is not immediately clear that these coincide with 
pullback and pushforward. But since X\ is normal and 7r : X — > X\ is birational, 
the pullback it* : WOx x — > tt*WOx clearly is an isomorphism and hence so is 
/* : WO y .q — > f*WO Xt q, by Lemma H.2.41 Now the statement follows from the 
next lemma. □ 

Lemma 4.3.4. Let f : X — > Y be a proper morphism between k-schemes of the 
same pure dimension d and assume that the pullback morphism f* : WO Y q ^> 
Rf*WOx,Q is an isomorphism in D(dKW Y ^Q,). Then the pushforward (see Propo- 
sition (6)) 

/* : f*Wu x ,® ^> Wu>y,® 
is an isomorphism. More precisely, there exists a natural number N > 1 such that 
kernel and cokernel of f*W n LUx — > W n u)y are N -torsion for all n> 1. 
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Proof. By assumption we find a natural number N > 1 such that R 1 f*WOx , i > 1, 
as well as kernel and cokernel of /* : WOy ~ > f*WOx are all ./V-torsion. It follows 
from the short exact sequence 

-> WO WO -> W„C -> 

that there exists a natural number M > 1 (e.g. M = A^ 2 ) such that R 1 f*W,Ox, 
i > 1, as well as kernel and cokernel of /* : W,Oy —> f*W,Ox are M-torison. Let 
C n be the cone of /* : W n O Y -> Rf*W n O x in D\ c {W n O Y ). (Here we write /* 
instead of W n (f)* etc.) Then the above can be rephrased by saying, that H l {C n ) 
is M-torsion for all i G Z and all n > 1. Now applying the dualizing functor Dw„y 
to the triangle in D b qc (W n O Y ) 

WnO Y -> i?/*^„Ox -> C„ -> W n CV[l] 
and using the duality isomorphism D\y n yRf* — Rf*D\y n x yields a triangle in 
D\ c (W n O Y ) 

D WnY (C n ) -> Rf*K x , n -> K Y .n -> D WnY (C n [-l]). 

Taking H~ d , we obtain an exact sequence 

£xt- d (C„,^y, n ) -> R- d UK x , n -> V^„ Wy -> 5xt- d (C„[-l],^ y ,„). 

As in Proposition 14.1.41 (6) the morphism in the middle is just the pushforward 
/* : f*W n LJx W n u)y. Now the filtration of the spectral sequence 

= £rt*(H-1(C n ), K Yin ) =>• f xt l +J(C„, if y , n ) 

is finite and the £?2-terms are M-torsion. Thus the groups £xt~ d (C n [— 1], Ky, n ) 
and £xt~ d (C„, Ky n ) are Af-torsion, for some r >> 0. In fact r only depends on 
the length of the filtration of the above spectral sequence and since this length is 
bounded for all n > 1, we may choose r to work for all n. It follows that kernel 
and cokernel of /* : f*W n 0Jx — > W n ioy are M r -torsion; hence kernel and cokernel 
of the limit /* : f*Wu>x Wcuy as well. This yields the statement. □ 

4.4. Rational and Witt-rational singularities. A special class of singularities 
which appear naturally in higher dimensional geometry are the rational singulari- 
ties. Essentially, rational singularities do not affect the cohomological properties of 
the structure sheaf. 

Definition 4.4.1 f |KKMS73[ p. 50]). Let S be a normal variety and / : X -> S 
a resolution of singularities (i.e. / is projective and birational and X is smooth). 
We say that / is a rational resolution if 

(1) R l UOx = 0, for i > 0, 

(2) R l f*ujx = for i > (this always holds by Grauert-Ricmcnschneider 
if the characteristic of the ground field is zero, but is needed in positive 
characteristic) . 

We say that Y has rational singularities if a rational resolution exists. 

An immediate problem with the definition of rational singularities in positive 
characteristic is that the existence of a resolution of singularities is assumed. For 
example, tame quotient singularities are rational singularities provided that a res- 
olution of singularities exists |CR091 Theorem 2], 

If an integral normal scheme Y over a field has one rational resolution, then all 
resolutions are rational, i.e. rational singularities are an intrinsic property of Y. (In 
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characteristic zero, this was proved by Hironaka, see [CR091 Theorem 1] for the 
characteristic p case.) 

In characteristic zero, Kovacs KovOO observed that one can replace condition 
(1) in Definition 14.4. II by the following condition: there is an alteration / : X —> S 
such that the natural morphism 

O s -> RUOx 

admits a splitting in the derived category of coherent sheaf on S. The main tool 
in the proof is Grauert-Riemenschneider vanishing, and this characterization does 
not hold in positive characteristic. 

In order to study congruence formulas for the number of points of a variety over 
a finite field, Blickle and Esnault BE08 introduced the notion of Witt-rational 
singularities. 

Definition 4.4.2 f [BE081 Def. 2.3]). Let S be an integral fe-scheme and / : X -t S 
a generically etale alteration with X a smooth fc-scheme. We say that S has BE- 
Witt-rational singularities if the natural morphism 

WO s Rf*WO x ®z Q 

admits a splitting in the derived category of sheaves of abelian groups on X. 

We call the singularities defined in [BE08 BE- Witt-rational singularities, rather 
than Witt-rational singularities, because we will redefine Witt-rational singularities 
in 14.4.41 We remark: 

Proposition 4.4.3. The notion of BE-Witt-rational singularities is independent of 
the chosen generically etale alteration. More precisely, if an integral scheme S has 
BE-Witt-rational singularities, then for any alteration (not necessarily generically 
etale) g : Y -t S, with Y smooth, the pullback g* : WO s Rg*WO Y ®i Q 

admits a splitting in the derived category of sheaves of abelian groups on X. 

Proof. Obviously it suffices to prove that if / : X — > Y is an alteration between 
smooth schemes, then the composition 

WO Y A Rf*WO x ^ WO Y 

is multiplication with [k(X) : k{Y)\, where /* is the pushforward from Definition 
12.3.11 It suffices to check this on some non-empty open subscheme U of Y such that 
f\f~ 1 {U) is finite. Thus the statement follows from Proposition 12.3.41 (Gros). □ 

Definition 4.4.4. We say that an integral /c-scheme S has Witt-rational singu- 
larities if for any quasi-resolution (see Definition 14.3.11) / : X — > S the following 
conditions are satisfied: 

(1) /* : WOs.q ^> f*WOx.q is an isomorphism. 

(2) R*f,WOx,Q = 0, for all i > 1. 

(3) R l f*WuJxM = 0, for all i > 1. 

In case only the first two properties are satisfied we say S has WO-rational singu- 
larities. (See Notation 13.7.91 for the meaning of the subscript Q.) 

Remark 4.4.5. Notice that if <S* is normal, then condition (1) above is automatically 
satisfied. Indeed, each quasi-resolution / : X — > S can be factored as X -H> X\ S 
with X\ normal, 7r projective and birational and u an universal homeomorphism; 
thus condition (1) is satisfied by Lemma T4. 2.41 



HODGE-WITT COHOMOLOGY AND WITT-RATIONAL SINGULARITIES 



83 



Proposition 4.4.6. Let S be an integral k-scheme. Then the following statements 
are equivalent: 

(1) S has Witt-rational singularities. 

(2) There exists a quasi-resolution f : X — > S satisfying (1), (2), (3) of Defi- 
nition [4.4-4\ 

(3) There exists a quasi-resolution f : X — > S, such that there are isomorphisms 
in D b (dRW s,q) 

(4.4.1) /• : WO s ,® ^ ///. U'C'v.;;. Rf t Wu x ,Q = f*Wu> XtQ [0] -^=> Wu s ,®. 

(4) For all quasi-resolutions f : X — > S the morphisms (|4.4. 1|) are isomor- 
phisms. 

Proof. Clearly (1) =>> (2) and (4) (1). (2) (3) follows from LemmaHXl For 
(3) =>■ (4) notice that by de Jong (see Remark |4.3.2[) any two quasi-resolutions of 
S can be dominated by a third one. Thus the statement follows from Theorem 
14X31 □ 

There is an obvious analog of this proposition for W^O-rational singularities. 

Corollary 4.4.7. Topological finite quotients over k have Witt-rational singulari- 
ties. 

Remark 4.4.8. In characteristic hnite quotients always have rational singularities 
(see e.g. |KM98[ Prop. 5.13]). In characteristic p > this is not the case. Indeed let 
G = 'L/p n 'L act linearly on a finite dimensional A:- vector space, where k is assumed 
to be algebraically closed. Then it is shown in jES80j . that A(V)/G is not CM, 
provided that dim^ V > dimfc V G + 2. In particular A(V)/G cannot have rational 
singularities in the sense of Definition 14.4. 1[ which are always CM. This also shows 
that Witt-rational singularities do no need to be CM. 

Proposition 4.4.9. Let u : Y — > Y' be a universal homeomorphism between normal 
schemes. Then Y has Witt-rational singularities if and only ifY' has Witt-rational 
singularities. 

Proof. If / : X — !> Y is a quasi-resolution then u o f is a quasi-resolution. For all 
i>0we get 

R\u o f) m WO XtQ = u*R l UWO XM , R\u o f)*Wu XM = ,, . If f.\\~ x . : . 
and thus 

R\u o f)*WO XM = O R 1 UWOxm = 0, 

i?> o f)*Wu XM = I If. 1 1 -J \ = 0. 

□ 

Definition 4.4.10. Let S be a fc-scheme and X and Y two integral S'-schemes. We 
say that X and Y are quasi-birational over S if there exists a commutative diagram 



Z 




S, 
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with ttx and Try quasi- resolutions (see Definition I4.3.1|) . We say that the triple 
(Z, ttx, try) (or just Z if we do not need to specify ttx and Try) is a quasi-birational 
correspondence between X and Y . 

Since quasi-resolutions always exist (see Remark I4.3.2[) . two integral projective 
^-schemes X and Y are quasi-birational over S if and only if the generic points of X 
and Y map to the same point r\ in S and there exists a field L with a homomorphism 
Os. v — > L and inclusions of 0s i?) -algebras k(X) L, k(Y) L, which make L a 
finite and purely inseparable field extension of k(X) and k(Y). In particular this 
is the case if k(X) and k(Y) are isomorphic as Og^-algebras. 

Corollary 4.4.11. Let S be a k-scheme and f : X —> S and g : Y — >• S 

two S -schemes, which are integral, have Witt-rational singularities and are quasi- 
birational over S to each other. Then the choice of a quasi-birational correspondence 
between X and Y induces isomorphisms in D b (dRWs) 

(4.4.2) Rf,WO x ,q = Rg*WO YtQl Rf,Ww XtQ = Rg*Wu> Y ,®- 

Moreover, two quasi-birational correspondences Z and Z' induce the same isomor- 
phisms if there exists a field L with a homomorphism Og^ — > L (r\ G S being the 
common image of the generic points of X and Y) and inclusions of Os, ri - algebras 
k{Z) <—t L, k(Z') «-> L, which make L a finite and purely inseparable field extension 
of k(Z) and k(Z'), such that the composite inclusions k(X),k(Y) ^ k{Z) <—t L 
and k(X),k(Y) <-> k(Z') L are equal. 

Proof. A quasi-birational correspondence (Z, ttx, try) between X and Y induces an 
isomorphism 

Rf*WO x ,® Rf*R7T X *WO z , q e Rg*RiCY*WO z ,Q Rg*WG Y ,Q, 

and similar for Wu. For the second statement first notice that if (Z, ttx,^y) and 
(Z' , tt' x , tt'y) are two quasi-birational correspondences between X and Y and if there 
is a quasi-resolution a : Z' — > Z such that ir' x = ttx ° a and ir' Y = n Y ° a, then they 
induce the same isomorphisms (|4.4.2[) . If we are given two arbitrary quasi-birational 
correspondences Z and Z' between X and Y and a field L as is the statement of 
the corollary, then we can take a quasi-resolution of the closure of the image of 
Spec L — > Z x s Z' to obtain a quasi-birational correspondence Z" between X and 
y mapping via a quasi-resolution to Z and Z' and is compatible with ttx, tt'x, n Y, 
tt'y in the obvious sense. This proves the statement. □ 

Corollary 4.4.12. In the situation of Corollary \4-4-l 1] assume that S is integral 
and f and g are generically finite and purely inseparable. Then any quasi-birational 
correspondence between X and Y induces the same isomorphism in _D h (dRW g) 

Rf»WOxM = Rg*WO YM , Rf m Wu x ,Q = Rg*Wuj YM . 

Corollary 4.4.13. Let S be a k-scheme and f : X — > S be an integral and projective 
S-scheme, which has Witt-rational singularities. Let k(X) perf be the perfect closure 
ofk(X) and T) € S the image of the generic point of X . ThenEndo S:V -aig(k(X) pcrl ) 

is acting on Rf*WO Xt q and Rf*Wujx,Q as objects in D b (dRWs). 

Proof. An clement a in Endo s l) _ a i g (fc(X) pcrf ) will when composed with k(X) 
k(X) pclf factor over a finite and purely inseparable extension L of k(X). By the 



HODGE-WITT COHOMOLOGY AND WITT-RATIONAL SINGULARITIES 



85 



remark after Definition 14.4. f 01 it hence gives rise to a quasi-birational correspon- 
dence of X with itself and thus yields the promised well-defined action by Corollary 
PHI □ 

Remark 4.4.14. The above corollaries have obvious analogs for M^O-rational singu- 
larities. 

Corollary 4.4.15. Let X and Y be two integral k-schemes, which have WO- 
rational singularities and are quasi-birational over k. Then in dRW/^Q 

H l {X, WO x ,q) = H l (Y, WO Y ,q), for all i > 0. 

In particular, if X and Y are projective then [BBE07, Thm 1.1] yields a Frobenius 
equivariant isomorphism 

Hi^{X/K) <x S Hl ig {Y/K) <x for all i > 0, 

where K = Frac(W(A;)) and Htf & (X/K) < denotes the part of rigid cohomology on 
which the Frobenius acts with slope < 1. 

Proof. Apply Corollary 14.4. 1 II in the case S = k. □ 



We will also give some results on the torsion, see Theorem 15.1.101 and Theorem 
I51~T51 

Corollary 4.4.16. Let k be a finite field. Let X and Y be two quasi-birational 
integral and projective k-schemes, which have WO-rational singularities. Then for 
any finite field extension kl of k we have 

\X(k')\ = \Y{k')\ mod \k'\. 

Proof. This follows from Corollary gXH] and |BBE07| Cor. 1.3]. □ 

In the case where X and Y are smooth, integral and proper, the above corollary 
was proved in Eke83, Cor. 3, (i)]. In case there is a morphism / : X — > Y, which 
is birational and X is smooth and projective and Y = Z/G is the quotient under a 
finite group G of a smooth projective scheme Z, this was proved in |Cha091 Thm 
4.5.]. 

We investigate the properties of Witt-rational singularities a little bit further. 

Proposition 4.4.17. Consider the following properties on an integral k-scheme S: 

(1) S has rational singularities. 

(2) S has Witt-rational singularities. 

(3) S has WO-rational singularities. 

(4) S has BE- Witt-rational singularities. 
Then 

(1) (2) (3) => (4). 
Furthermore the first implication is strict, by Remark \4--4-8\ above. 

Proof. (1) =>■ (2): By assumption there exists a resolution / : X —> S. The exact 
sequences 

-> W n ^O x A W n O x -^Ox^O 
and (see Proposition 14. 1 .4] (7)) 

P f™- 1 
-> Wn-lWX -> W n UJ X > Wx^O 



so 
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give us R*f*W n Ox = = R*f*W n u) X for all n,i>l and also W n O s = f*W n G x . 
Since S is CM, the isomorphism W n Os — Rf*W n Ox also gives the isomorphism 
f*W n 0Jx = W n ws via duality (see Proposition 14.1.41 (2)). Now the statement 
follows from the exact sequence (see Lemma ll.5.1| 

-> R 1 hmi?'- 1 /,^ -> i?7,(hm^ n ) -> hmi?7^„ -► 0, 

n n n 

where G {W n Ox,W n uJx}- (For the vanishing of iZ 1 /*Wwx use that f*W n LUx — 
W n u>s and hence the projection maps f*W n tux — > f*W n -iOJx ar e surjective, by 
Proposition 14.1 .4[ (4).) 

(2) => (3): trivial. 

(3) => (4): By Remark [4.3.2l we find a quasi-resolution of 5 of the form / : X — >• 5 
with X a finite quotient. We thus find a smooth scheme X' with a finite and 
surjective morphism g : X' X. Then h := /</ : X' — > 5 is an alteration and 
ft.* : WO s ,q, -> i?ff*WOx',Q splits by Proposition 14.4.61 (1) =► (2), and Lemma 
iHl (2); a fortiori h* : WO s <£> Q -> i?3*^Ox' ® Q splits. □ 

4.5. Complexes and sheaves attached to singularities of schemes. 

Corollary 4.5.1. Let S be an integral scheme and f : X — > S and g : Y — > S 

be quasi-resolutions. Then X and Y are quasi-birational over X and any quasi- 
birational correspondence between X and Y induces the same isomorphism in the 
derived category D b (dKWs) 

Rf*WO x ,q = Rg*WO YM , /''/.U -.-v :; = />'//. U -v.:.: . 

Furthermore, if Z is another integral scheme and h : Z — > S a quasi-resolution, 
then the isomorphisms 

Rf*WO X ,q = Rh*WO Z ,Q, />7.U - v.;; = Rh*Wuj z , Q 

induced by any quasi-birational correspondence between X and Z equals the isomor- 
phism obtained by composing the isomorphisms induced by quasi-birational corre- 
spondences between X and Y and between Y and Z . 

Proof. First we show that X and Y are quasi-birational over S. For this notice 
that k(X) <S>k(S) k(Y) is a local Artin algebra. Denote by L its residue field. Then 
we can take a quasi-resolution of the closure of the image of Spec L in X x 5 Y 
to obtain a quasi-birational correspondence between X and Y. Let V and V be 
two quasi-birational correspondences between X and Y. Denote by L" the residue 
field of the local Artin algebra k(V) <S>k(S) k(V). This is a purely inseparable field 
extension of k(S). Hence there is only one embedding over k(S) of k(X) and k(Y) 
into L". Thus by Corollary 14.4. 1 II the two isomorphisms induced by V and V arc 
equal. Finally if we have the three quasi-resolutions /, g, h, we find a diagram of 
S'-morphisms 

V" V — *- Z 



V ^Y 



■ 

X. 



HODGE-WITT COHOMOLOGY AND WITT-RATIONAL SINGULARITIES 



87 



in which V is a quasi-birational correspondence between X and Y, V is a quasi- 
birational correspondence between Y and Z and V" is a quasi-birational correspon- 
dence between V and V (and also between X and Z). The last statement of the 
Corollary follows. □ 

Definition 4.5.2. Let S be an integral /c-scheme of dimension d. We define in 
£ fc (dRW s ,Q) 

WS Q ,s ■= Rf*WOx,®, W5 rf , s := Rf*Wu x>Q , 

where / : X — > S 1 is any quasi-resolution. This definition is independent (up to a 
canonical isomorphism) of the choice of the quasi-resolution / by Corollary 14. 5. II 

It follows, that S has WO-rational singularities if and only if W6>o,s — WOs and 
it has Witt-rational singularities if and only if in addition we have W(WSd,s) = 
for alH > 1 (which is equivalent to WSd.s — Wu>s,q). 

Next we want to give a characterization of Witt-rational singularities using al- 
terations. 

Proposition 4.5.3. Let S be an integral k-scheme of dimension d and f : X — > S 
an alteration with X smooth. Set 

ej := a^j[ x x s X]° € CK d (X x X, P{X x s X)) Q , 

where [X Xjl] is the cycle associated to the closure of X n x n X n in X Xj X with 
n the generic point of S . Further set 

H*'°(X/S) :=@I?f.WOx, H*- d {X/S) := 

i i 

U*^- d \X/S) := H*'°(X/S) ffi H*> d (X/S). 

Then: 

(1) The restriction ofH(e f /S) to "H*-(°< d )(X/S)Q is a projector, which we de- 
note by e/. (See Proposition \3.5.4\ for the notation.) 

(2) The pullback f* induces a natural morphism of Witt modules over S 

f* : WOs,® -> e f n*' {0 - d) {X/S)q. 

(3) If g : Y — > S is another alteration with Y smooth. Then set 

T/, 9 := x sY]°e CR d (X x Y,P(X x s Y)), 

where [XxsY] is the cycle associated to the closure of X^x^Y^ inXxgY. 
Then H(jf. g /S) : H(X/S) — > H(Y/S) induces an isomorphism 

(4.5.1) U{lfJS) : e f (H*^ d Hx/S)) Q A e g (H*'<-°>*> (Y/ S)) Q , 

which is compatible with the pullback morphism from (2). 

Proof. Take a non-empty open and smooth subset U of S such that the pullback 
of / - and in case (3) also of g - over U is finite and surjective and hence also flat; 
the pullbacks are denoted by fu ■ Xjj — > U and gu '■ Xjj — > U. Notice that the 
restriction of [X x s X]° and [Ix s yf over U equal [Xu x v X v ] and [Xu XuYu]- 
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(1) We have to show e/oe/ — e/ = on 'H*'^ 0,d ' (X/ S)q. By the same argument 
as in the proof of Theorem 14.3.31 (using the vanishing Lemmas 13.6.11 and I3.6.2[) it 
suffices to prove 

[X v x v X v ]o [X v xuXu}~ dag/ • [X v x u X u ] = 0. 

This follows immediately from [Xv Xu Xu] = [T/^] o [T f v ]. 

(2) The morphism e/, in particular gives a projector e/ : f*WOx,q — > f*WOx,q- 
Thus we need to show, that e/ o /* = /* on WOs.q- It suffices to prove this over 
U; thus the statement follows from deg / • ej u = f v o /y*. 

(3) To prove that jf t3 is an isomorphism on ef(fi.*^ Q ' d '{X/ S)q) with inverse 
g^— ^([F x s X]°/S) it suffices to show that the following cycles in CR d {X x 

y, s p{x x s y)), etc., 

deg 5 • [X x s Y]° o [X x s X}° - deg/ ■ [Y x 5 y]° o [X x s Y]° 
deg / • [Y x s X]° o [Y x s Y]° - degg ■ [X x s X}° o[Yx s X}° 
[Yx s X} o[Xx s Y]° o[Xx s X}°~ (deg/degg) ■ [X x s X}° 
[X x s Y}° o [Y x s X}° o [Y x s Y]° - (deg/deg 5 ) • [Y x s Y]° 

act as zero on ii*' ( - '^(X/S)q and #*>(°< d ) (Y/ S)q respectively. By the same ar- 
gument as in the proof of Theorem 14.3.31 (using the vanishing Lemmas 13.6.11 and 
13.6.2)) it suffices to prove that the pullback along U of the above cycles vanish. This 
follows easily from [X v x v X v ] = [L}J o [T fu ], [X v x u Y u } = [T*J o [T fu ] and 
\Tf v ] o [r^] = deg / • [Au], etc. This yields the isomorphism (|4.5.1|) . It is compati- 
ble with the pullback from (2), since on WOgq we have T~L{ r )f, g /S)f* = g*. Indeed 
over U we have Wcifu,gu /U) = dcgj ' 9u fu*'i thus it holds on U and hence on all 
of 5. □ 

Definition 4.5.4. Let S be an integral £;-scheme of dimension d and / : X — > S 
an alteration with X smooth. Then using the notations from Proposition 14.5.31 we 
define 

A°{X/S) := coker(^O s , Q A e f H*'°(X/ S)q) = f *^ X ' Q e f #f.WOx,Q 

i>l 

and 

A d {X/S) := e f H>°- d (X/S) = ©e/rf/.^Q. 

»>1 

Then by Proposition |4X3M pf/S) and A d {X/S) are independent of / : X -> S 
up to a canonical isomorphism and are therefore denoted 

_4°(S) := A°(X/S), A d (S) := -4 d (X/S), .4(5) := .4°(S) © ^ d (5). 

Remark 4.5.5. If 5 is normal, then A(S) is a direct summand of H*'^' d \X/S)q 
for any alteration / : X — » S with X smooth. 

Theorem 4.5.6. Let S be an integral k-scheme. Then there are isomorphisms in 

■ilT\\\ 



In particular: 



^ 2>1 l>\ 
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(1) S has WO-rational singularities A (S) = 0. 

(2) S has Witt-rational singularities •<=>■ A(S) = 0. 

Proof. By de Jong (see Remark |4.3.2|) there exists an alteration / : X — > S which 
factors as 

f :X ^>Y ^ S, 

where X is smooth, Y — X/G, for G a finite group, h is the quotient map and g is 
a quasi-resolution. Thus the following equalities hold by definition for all i 

H l (WS ,s) = R'g.WOvM, H l (WS d , s ) = /."//. U-v:: • 

Since Y is normal and h is finite and surjective it is also universally equidimensional. 
Thus [X x y X] € CR d (X x X,P(X x Y X)), where d = dimS. We denote by 
[X Xs X]° the cycle associated to the closure of X n x v X v in X x$ X, where r\ is 
the generic point of S. We claim 

(4.5.2) [Xx s X} = degg-[Xx Y X} in CR d (X x X, P(X x s X)). 

Indeed it suffices to check this over a smooth and dense open subscheme U of S, 
over which g is a universal homeomorphism and Y is smooth. But then 

[X v x v Xuf = [X v x v Xu] 

= [r}J°[r /[7 ] 

= degg-[T t hu }o[r hv ] bydmj 
= dcg 5 • [X v y-Yu X v ]. 



Hence the claim. Now H([X Xy X]/Y) induces an endomorphism of h„{WOx © 
Wflx) which actually equals h*oh*, for h* and h* as in Definition ^. 1 .51 fsee (|4.2.2|) .) 
It thus follows from Proposition [3JU0] and (|43^]) that e f = -^jH{[X x s X]°/S) 
factors for each i > as 

R l Mwo x e wn d x ) Q ^ wf*{wo x © wn d x ) q 




R*g*(WO Y ®Wlo y )q- 

Taking into account that /i* o h* is multiplication with the degree of h, this yields 
the statement of the theorem. □ 

4.6. Isolated singularities. In this section we will relate the sheaf A°(S) (Defi- 
nition for a normal variety S with an isolated singularity to the Witt vector 
cohomology of the exceptional set in a suitably good resolution of singularities S. 
For this, we need to compute the higher direct images of W(Og)q. 

Proposition 4.6.1. Let f : X — > Y be a proper morphism of schemes. Let Yq dY 
be a closed subset, we denote by Y = Y\Yq the complement. We consider the 
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cartesian diagrams 



Y ~* Y . 

Let X C O x be a sheaf of ideals for Xq. Suppose that R l f*Ox — for all i > 0. 
Then 

R i f t ,W(X)q = for all i > 0. 

In order to prove Proposition 14. 6. T1 we need several Lemmas. 

Lemma 4.6.2. Let X be a scheme andX C Ox a sheaf of ideals. For all integers 
a > 1 the natural map 

W(X a ) q -> W(X) q 

is an isomorphism. 

Proof. The proof is the same as in T3BE07J Proposition 2.1(h)]. □ 

Lemma 4.6.3. With the assumptions of Proposition \4-6.1\ There are N, a > 
such that for all r > N and all n > 1 the morphism 

R i f,W n (X r+a ) -> R*f.W n (r), 

induced by T r+a C X r , vanishes for all integers i > 0. 

Proof. }BBE07| Lemma 2.7(i)]. □ 

Proof of Proposition \4-b-l\ Choose N as in Lemma 14.6.31 By using Lemma 14.6.21 
we may replace X by X N . Thus we may assume that N = 1. The image of the 
Frobenius acting on W n (X) is contained in W n (I p ): 

W n (X) ^ W n (X) 




W n (XP) 

and therefore F a (with a as in Lemma T4.6.3I) is zero on R 1 f*W n (X) for all i > 0. 

We continue as in the proof of [BBE07, Theorem 2.4]. Since F a acts as zero 
on hjii^ R l f*W n (X) and R 1 jiin^ K 1 f*W n (I) for all i > 1, we obtain via the exact 
sequence 

-> R 1 ^mR^f^WniX) iT/»(W(2)) ->■ hm IV f* W n {X) ->■ 

n n 

that F 2a acts as zero on R l f*W(X) for all i > (we use that R 1 K f*W n {I) = 0). 
Thus the relation = p implies that p 2a kills i? 1 /*^^) for all i > 0. □ 

Corollary 4.6.4. Le£ 5 1 6e an integral scheme with an isolated singularity at the 
closed point s £ S. Let f : X — > S be projective and birational. Suppose that f is 
an isomorphism over S\{s}; we denote by E the closed set f~ 1 (s) equipped with 
some scheme structure. Then 

R l f*WO x ,® = H' l (E, WOem) for all i > 0, 

where H 1 (E,WOe,q) is considered as skyscraper sheaf supported in s. Moreover, 
the morphism is compatible with the Frobenius and Verschiebung action. 
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Proof. Let X be the sheaf of ideals for E. We obtain an exact sequence 
-> W1 Q -> ll C'v :: -> W0 B , Q -> 0. 



Proposition l4.6.1l implies that the higher direct images of WZq vanish, which proves 
the statement. □ 

Lemma 4.6.5. Let E be a scheme. Write E — \J r i=l Ei with irreducible for all 
i. There is a spectral sequence 

E f = H t (n s j ^ E t .,WO n s =0 E %j ,Q)^H s+t (E,WO Eiq ). 

The spectral sequence is compatible with the Frobenius and Verschiebung operation. 

Proof. By BBE07, Proposition 2.1(i)] the sheaf WOn*._ E t .,Q doesn't depend on 
the choice of the scheme structure for nj_ -Ei... 



From |BBE071 Corollary 2.3] we get an exact sequence 



where the maps are sums of restriction maps and thus compatible with F and V. 
For every affine open set U C E we have 

H\U nj =0 E h , WO) = 0, for all t > 0, 

because U Hj =0 E lj is affine. Therefore we obtain the spectral sequence in the 
statement. □ 

Proposition 4.6.6. Let E be a projective scheme over a finite field k = F p a. 
Write E = \J r i=l Ei with Ei irreducible for all i. Suppose that for all s > 1 and 
all 1 < iq < ■ ■ ■ < i s < r the set theoretic intersection nj—Q-E^. , equipped with the 
reduced scheme structure, is smooth. 

For all n > 2 the differential of E^ 1 , induced by the spectral sequence of Lemma 
\4.6.5[ vanishes. Ln other words, E^ =>■ H 8+t (E, WO e .q) is degenerated and 

E S J = E^ foralls,t. 

Proof. By definition is a subquotient of E^' . By assumption, C\ 8 =0 E lj is 
smooth and projective. We know that 

H\^ j=0 E lv WO n s =oEHM ) S H^in^E^/K)^, 

where the right hand side is the slope < 1-part of crystalline cohomology (K — 
W(k)). This isomorphism is compatible with the -F-operation. It follows from 
|KM74j that the characteristic polynomial of F a acting on i?* rys (n* =0 i? lj /K) is the 
characteristic polynomial of the geometric Frobenius acting on i?J t ((nj =0 £'j j . ) 
k, Qt) f° r an Y prime I ^ p. Thus F a acting on H* s (r\j =Q E l:j /i^)[ 0) i[ has algebraic 
eigenvalues with absolute value with respect to any embedding into C. In 
particular, this holds for the eigenvalues of E^f for n > 1 and all s. Thus the 
differential 

iris— n,t+n— 1 . jps.t . T7is-\-n,t— n+1 

vanishes if n > 2. □ 
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Theorem 4.6.7. Let k be a finite field. Let S be a normal integral scheme with 
an isolated singularity at the closed point s G S. Let f : X — > S be projective 
and birational. Suppose that f is an isomorphism over S\{s}; we denote by E the 
closed set f^ 1 (s). Write E = \J r i=1 Ei with E$ irreducible for all i. Suppose that 
for all s > 1 and all 1 < iq < ■ ■ ■ < i s < r the set theoretic intersection n S j =0 E l:j , 
equipped with the reduced scheme structure, is smooth. 

Then S has WO -rational singularities (Definition \4-.4-4\ ) if and only if the spectral 
sequence of Lemma \J h .6.5\ satisfies 

E S / = Q for all (s,t) ^ (0,0). 

Proof. It follows from Corollary 14.6.41 that S has M^O-rational singularities if and 
only if 

H i {E,WO EM )=G foralli>0. 
The assertion follows from Proposition 14.6.61 □ 

The case t = is a combinatorial condition on the exceptional set E. For any 
smooth and proper scheme X over k we have 

H°(X,WO x ) ® w(k) W(k) = H? t (X x k k,Q p ) ® Qp W{k). 

Therefore the condition E^ = 0, for all s > 1, is equivalent to the vanishing of the 
cohomology of the complex 

©5°^ x fe fc,Q p )^ H ((E la nE n )x k k,Q p )^ 

H°((E l0 nE H n£, 2 ) x fe fc,Qp) -> ... 

«0<«l<i2 

in degree > 1. Of course, the cohomology in degree = equals H°(Exkk, Q p ) = Q p , 
because S is normal. 

For a surface S the conditions for t > 1 are equivalent to i?i, rc d Xfe k = ]J ■ P 1 for 
all i. Indeed, for a smooth curve Ei we have 

dim H 1 {Ei ,WO E% ,a)> dim H 1 (E t ,0 Ez ), 

and H 1 (Ei, Ei ) = if and only if Ei x k k is a disjoint union of P 1 s. 

Therefore S has VKO-rational singularities if and only if the exceptional divisor 
of a minimal resolution over k is a tree of P 1 s. 

4.7. Cones and Witt-rational singularities. In |BE08( Ex. 2.3] Blickle and 
Esnault give an example of an F p -scheme which has BE-rational singularities but 
not rational singularities. Their proof in fact shows, that their example also has 
W^O-rational singularities. In this section we slightly generalize their example and 
show that it also has Witt-rational singularities. 

4.7.1. Let X be a proper /c-scheme, C an invertible sheaf on X and V(C) — 
Spec {®n>o£® n )- We denote by So : X «-> V(C) the zero-section. By Grauert's 
criterion (see EGAII, Cor. (8.9.2)]) C is ample on X if and only if there exists 
a fc-scheme C together with a fc-rational point v € C and a proper morphism 
q : V{C) — > C, such that q induces an isomorphism V(C) \ s {X) —> C \ {v} and 
<? -1 (v)rcd = s o(^)rcd- If C is ample, we call any triple (C, q, v) as above a contractor 
of the zero-section ofV(C). One can choose C for example to be the cone SpecS", 
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where S is the graded ring k © n >i H°(X, C® n ) and v is the vertex, i.e. the point 
corresponding to the ideal S+. 

The following proposition is well-known; we prove it for lack of reference. 

Proposition 4.7.2. Let X be a proper and smooth k-scheme and C an ample sheaf 
on X . Then the following statements are equivalent: 

(1) For any n > 1 and all contractors (C,q,v) of the zero-section of V(C® n ) 
we have ff?tWv(£8)») = for all i>l. 

(2) H l (X,u} X ® £® n ) = for all i,n>l. 

Proof. Let (C,q,v) be a contractor of the zero-section of V(C). Denote by I the 
ideal sheaf of the zero section of X in V(C). We have 

S X = L, S *L = 1 l-L ■ 

We set Y n :— Spec (0 V {c)/1- n )\ m particular Y\ — s (X). The sheaves R % q*Wv(c) 
have support in {v} and since yJvn. v Ov{C) = ^ where m v C 0x,i> is the ideal of v, 
the theorem on formal functions yields 

R l 1*^V(C) = hjll iJ J (^n, Uv{C)\Y n ) = 0. 

n 

Further 0Jv(£)\Yi — u x ® A hence tensoring the exact sequence — > X n /X n+1 —> 
Oy n+1 — > Oy n with Wv(£)\Y n+1 yields the exact sequence 

(4.7.1) 0^w x ® C® n+1 -> wy (£) |y„ +1 -> ^y(£)|y„ -> 0. 

(2)=* (1): We have iT(Yi, wv(£)|yj = H l {X,u x ® £) = for all i > 1, by 
assumption. Now the statement for (C, q, w) follows from ()4.7.1|) and induction. 
Since C is any ample sheaf, we can replace C by C® n in the above argument and 
obtain the statement also for a contractor of the zero-section of V{C® n ). 

(1)=> (2): Let d be the dimension of X. Then the maps H d (Y n+ i, oJv(C)\Y n+1 ) — > 
H d (Y n ,LUy^ c ^ Yn ) are surjective for all n > 1. Since lim H d (Y n , cdv(£)\Y„) — by 
assumption, we get in particular 

H^ojv^yJ = H d {X^ x ®C) = 0. 

Replacing C by £®™ in the above argument thus gives us 

H d (X,uj(g) £® n ) = 0, foralln>l. 

Assume we proved H l+1 (X,uj ® £® n ) = 0, for all n > 1. Then (|4T7TTj) yields that 
i? I (F„ + i,a;v'(£)|y n+1 ) — > H l (Y n ,ojyr£\tY n ) is surjective and as above we conclude 
that in particular H % (Yi,u}yfc)\Yi) — H l (X,wx ® £) equals zero (if i > 1). Again 
we can do the argument with C replaced by C® n and obtain H l (X, lux ® £® n ) = 
for all n > 1. This finishes the proof. □ 

Remark 4.7.3. Notice that in characteristic zero condition (1) is always satisfied 
because of the Grauert-Riemenschneider vanishing theorem; condition (2) is always 
satisfied because of the Kodaira vanishing theorem. 

Theorem 4.7.4. Let X$ be a smooth, projective and geometrically connected k- 
scheme and C an ample sheaf on Xq- Assume (Xq,£) satisfies the following con- 
dition: 

(4.7.2) H 1 (X ,lux ®£® n ) = 0, foralln,i>\. 



94 



ANDRE CHATZISTAMATIOU AND KAY RULLING 



Let X be the projective cone of (Xq,C), i.e. X — Proj(S[z]), where S denotes the 
graded k-algebra k ©„>i H°(X , C® n ). 

Then X is integral and normal; it has Witt-rational singularities if and only if 

(4.7.3) H l {X , WOx^q = 0, for all i > 1. 

Furthermore if £ is very ample, then X is CM if and only if the following condition 
is satisfied: 

(4.7 .4) H l (X , £® n ) = 0, for all n G Z and all 1 < i < dimX - 1. 

Proof. Let v be the fc-rational point of X, corresponding to the homogenous ideal 
in S[z] generated by S+. Then the pointed projective cone X \ {v} is an A 1 - 
bundle over Xq = Proj S. Thus X has an isolated singularity at v and it suffices to 
consider the affine cone C = Spec S of (Xq, C). Since Xq is integral, projective and 
geometrically connected and k is perfect we have H (Xq , Ox Q ) = k, by Zariski's 
connectedness theorem. Thus C is integral and normal by [EGAII1 Prop. (8.8.6), 
(ii)]. Set V := V(C ) = Spec (®»>o£® n ); it is an A^bundle over X , hence is 
smooth. By |EGAII| Cor. (8.8.4)] there exists a projective morphism q : V — >• C, 
such that the triple (C,q,v) becomes a contractor of the zero-section of V. In 
particular, q : V — > C is a projective resolution of singularities of C. (In case C is 
very ample, q : V — > C is the blow-up of C in the closed point v, see [EGAII1 Rem. 
(8.8.3)].) By Proposition 14. 4. 61 and Remark [4.4.51 it suffices to prove 

R l q.«WO v , Q = 0, R l q,Wuj VM = 0, for all » > 1. 

By Corollary 14.6.41 the vanishing R l q*WOv,Q = is equivalent to the vanishing 
H l (X , WOx )q — 0. Thus it suffices to prove the vanishing R l q st WuJvM — 
under the assumptions (|4.7.2j) and Rq*WOv,Q — WOc,q- Proposition ^. 7. 21 yields 
R l q*ujv = for all i > 1. Hence also R l q*W n LJv — for all i,n > 1, by the exact 
sequence in Proposition 14.1.41 (7) and induction. Therefore the exact sequence 

-> ]5mR i ~ 1 q*W n uv -> ffg.^v -> hm^^WnCJy -> 

n n 

immediately yields 

(4.7.5) A"-/. I l ^i .;: = 0, for all i > 2. 

To conclude also the vanishing of R 1 q*Wu:v.Q we have to prove the vanishing 
(R 1 hhn n q*W n uJv)Q — 0. To this end denote by K, and C. the image, the kernel 
and the cokernel of q*W,uJv — > W,ojc, respectively. Notice that K n and C n are co- 
herent W n Oc ^-modules, whose support is concentrated in the closed point v; hence 
these modules have finite length. Therefore K, and C, satisfy the Mittag-LefHer 
condition, in particular R 1 lim C n = = R 1 \^mK n . Furthermore, R 2 ]^mK n = 
by Lemma ri.5.H (1). Thus the exact sequence — > K, — i q^W,0Jv —> 1% — > gives 

R 1 \imq*W n 0Jv — R 1 lim I n . 

We also have the vanishing R 1 lim W n uic = 0, since the transition maps are surjec- 
tive (by Proposition ^. 1 .41 (4)) and therefore the exact sequence — >• I. — >• W»uc 
C, — > gives a surjection 

limC„ — ^ R 1 lim J w -> 0. 
By Lemma 14.3.41 (lim C„)q = 0, hence also (i? 1 Hm(j»W n wy)(j = 0. 
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For the last statement notice that X is CM if and only if Hl(C, Oc) — for all 
i < d — 1 = dim Xo. Since C is affine the long exact localization sequence gives us 
an exact sequence 

-> H° V (C, O c ) -> F°(C, ) -> # °(C \ {v, }, O c ) -> fl^C, C ) -> 

and isomorphisms 

H i ~ 1 (C \ {v}, Oc) = H*(C, Oc), for all i > 2. 

Let 7r : C \ {c} — > Xq be the pointed affine cone over Xq — Proj S. Since £ is very 
ample the graded ring S is generated by Si and we obtain 

Therefore H°(C \ {v},O c ) = 0„> o H°(X , C® n ) = S = H°(C,O c ). Thus 
H°(C,O c ) and H^(C,O c ) always vanish and H l v {C,O c ) vanishes for 2 < i < 
dimX if and only if 0„ eZ H l ~ 1 (X , £® n ) vanishes, which is exactly condition 
(|4.7.4|) . This proves the Theorem. □ 

Remark 4.7.5. (1) Condition (|4.7.2p in the above theorem holds in character- 
istic zero by Kodaira vanishing, which in general is wrong in positive char- 
acteristic; for a counter example see |Ray78| . By |DI871 Cor. 2.8.] this 
condition holds if Xq lifts to a smooth M / 2(fc)-scheme and has dimension 
< p. Notice also that condition f|4. 7. 2[) and (|4.7.4p are always satisfied if 
Xq is a smooth hypersurface in some P£ and C = Op«(l)|x - 

(2) The vanishing (|4.7.3[) is satisfied if the degree map induces an isomorphism 
CHo(Xo Xfc fc(Xo))o> — Q, which is for example the case if X g is rationally 
chain connected, where k is an algebraic closure of k. See |BE08[ Ex. 2.3], 
alternatively one can also use Bloch's decomposition of the diagonal and the 
vanishing Lemmas l3.6.1l and l3.6.2l Another case where (|4.7.3[) holds is when 
Xq has a smooth projective model Xq over a complete discrete valuation 
ring R of mixed characteristic and with residue field k, such that the generic 
fiber Xq^ satisfies H z (Xq, v ,Ox „) = for all i > 1. This follows from p- 
adic Hodge theory (" the Newton polygon of H* Tys (Xo/W) ® Frac(i?) = 
Hd R (Xo,r)) lies above the Hodge polygon"). 

(3) The example in |BE08] alluded to at the beginning of this section is the 
following: By |Shi74[ Prop. 3] the Fermat hypersurfaces Xq C Pfc r+1 given 
by Xq + . . . + %2r+ii where n is such that p v = — 1 mod n, for some v > 1, 
are unirational over k. Hence Xq satisfies the conditions (14.7.21) . (|4.T.3|) 
and (|4.7.4[) of the theorem and we obtain that the projective cone X of Xq 
is normal, CM and has Witt-rational sing ularities. (In |BE081 Ex. 2.3.] 
it was shown that X is VFO-rational.) Choosing Xq of degree larger than 
2r + 2 we see, that H dimX °(X , Xo ) ^ and it follows that X cannot 
have rational singularities. 

(4) Let X be as in the theorem and let it : Y — > X be any resolution of singu- 
larities. Then R l ir* Wluy.q = for all i > 1. As it follows from the proof 
and [CR091 Thm. 1], we even have the stronger vanishing R 1 it*u)y = for 
all i > 1, which is implied by condition (|4.7.2j) solely. It is an obvious ques- 
tion whether the vanishing R 1 tt^Wujy,q = also holds without condition 
(|4.7.2[) . i.e. does some version of Grauert-Riemenschneider vanishing hold. 
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In view of Proposition I4.7.2[ this question should be linked to some kind 
of Kodaira vanishing, of which at the moment even the formulation is not 
clear. (But see |BBE07[ Cor. 1.2] for a first result in this direction.) 

4.8. Morphisms with rationally connected generic fibre. The goal of this 
section is to prove the following theorem. 

Theorem 4.8.1. Let X be an integral scheme with Witt-rational singularities. Let 
f : X — > Y be a projective morphism to an integral and normal scheme Y . We 
denote by rj the generic point ofY, and X^ denotes the generic fibre of f. Suppose 
that X v is smooth and for every field extension L D k(rj) the degree map 

CH (X^ x fe(t?) L)® Z Q^Q 

is an isomorphism. Then 

Kf.WOxn = H\WS^ Y ), IVf.Wuxn s W(WS dimY , Y ), 

i>0 i>0 i>0 i>0 

where W<S is defined in Definition \4-5.2\ 

4.8.2. Let / : X — > Y be as in the assumptions of Theorem 14 .8. II We can choose 
a factorization (cf. Remark |4.3.2[) 

X' A X'/G ^ X" A X, 

such that 

• X' is smooth, integral and quasi-projective, G is a finite group acting on 
X', 

• h is birational and projective, 

• X" is normal and u is a universal homeomorphism. 
We obtain a commutative diagram 

(4.8.1) X' 



X'/G 
h 



X' 



x ■ 



Y'' 



Y 



where Y" is the Stein factorization of X" — > Y . Therefore u' is a universal homeo- 
morphism. Note that Y" is also the Stein factorization of X'/G — > Y. 



Lemma 4.8.3. With the assumptions of Theorem \4-8.1\ Set f = /ouoftojr with 
the notation as in diagram (|4.8.ip . We consider X' via f as a scheme over Y. 
Let P — J2 g eG^(-9^ e CH.(X' Xy X'), with T{g) the graph of g. Then there is a 
natural isomorphism 

H{P/Y) \ ($R l fl{WOx>M®Wuj xl ^) J -*®&U{WOx,q®Wu} X fd 



vi>0 



i>0 
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Proof. The cycle P = Eg £G [r(ff)] is already defined in CH(X'x X // G X'). Theorem 
14.5.61 and Corollary 14.4.71 imply 

(4.8.2) H{P/{X'/G)) {tt.WOx'.q ® n*Ww x >,q) = WO x >/g,q © Wu X '/g& 
It follows from Proposition I3.5.1T71 that 

H(P/Y) = R\f o u o h)M{P/{X'/G)), 

i 

Since P 2 = #G • P, we obtain from f|4.8.2[) that 



Wo / 

R\f o u o /l)*(WO X7 G,Q © Ww X , /GjQ ). 
i>0 

Because X has Witt-rational singularities and X'/G "° ,l > X is a quasi-resolution 
we get 

{n for all i > fl 

ll C' v.;: © Wwx.q for j = 0, 

which implies the statement. □ 

Proposition 4.8.4. Let f : X' — > Y be a projective and surjective morphism. 
Suppose that Y is normal, and X' is smooth and connected. We denote by rj the 
generic point ofY. Let Y' C X' be a closed irreducible subset such that Y' — s- Y is 
generically finite. We denote by A\ and Ai the closure of Y' x v X' and X' x n Y' 
in X' Xy X' , respectively. Then there are natural isomorphisms 



(4.8.3) n([Ax]/Y) Wf^WOx'M = A°(Y) 

\i>0 / 

(4.8.4) MM/Y) [®KflWwx>fiA = A dbnY (Y). 

\t>0 ) 

(See Definition ^. 5. J\ for A.) 

Proof. We will prove (|4.8.4[) . the identity (|4.8.3p can be proved in the same way. 

Let Y — > Y' be an alteration of Y', such that Y is smooth. We denote by 
i : Y — > X' the composition. The graph of i defines a morphism 

W(T(*)/y) : U(Y/Y)(-r) -> H(X'/Y), 

with r : = dim X' — dim Y . The closure Z of X' v x v Y v in X ' x y Y defines a morphism 



H{Z/Y) : H{X'/Y) -> H(Y/Y)(-r). 
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We have (idx> x z)*([Z]) = d ■ [A 2 ] for some d 7^ 0. Finally, we define Q to be the 
closure of Y„ X„ Y^ in f Xy y. We have the following relations 

[T(i)} o [Z] - d[A 2 ] G ker(CH(X' x y X') -> CH(X; x„ X^)), 

[Z] o [T(t)] - [Q] e ker(CH(Y Xy Y) -» CH(Y„ x„ Y„)), 

[A 2 ] o [A 2 ] - e[A 2 ] € ker(CH(X' x y X') -> CH(X; x„ X^)), 

[Q] ° [Q] - <?[Q] e ker(CH(Y x y Y) -> CH(Y„ x„ %)), 

for some e,g 7^ 0. Because of Lemma [3T6T2] we conclude that 

£([A 2 ]/Y) (0i?7>^, Q ) -H([Q]/Y) ((gi^/'ot).^ 

\i>0 / \i>0 

By Definition l4"X4l the right hand side is A dim Y {Y). □ 

Proof of Theorem \4-8.1\ We use diagram 14.8.11 and the constructions of 14.8.21 The 
first step is to prove 

(4.8.5) CH (X; x k(v) Lf <g> Q £* Q 

for every field extension L D fc(ry). We have a push- forward map 
a : CH (X; xjkfo) L) ® Q -> CH (X„ x fc(t?) L) ® Q, 

and because X^ is smooth over ^(77) we have a pull-back map 

[3 : CR (X V x k{v) L) ® Q -> CH (X; X fc(f)) L) ® Q. 

We have the following formula for the composition 

P o a = dcg(u)^ 

g&G 

provided that G acts faithfully on X' (we may assume this). Thus (|4.8.5|) follows 
from the assumptions. 
Let 

P =$>(<?)] gCH(X'x y x'), 

g£G 

with T(g) the graph of g. We denote by P n the image of P in CH(X/ ( x ?) X'). 
The cycle P v is invariant under the action of G on the left and the right factor of 
X^ x n . 

By the same arguments as in |BS83[ Proposition 1] we see that there are non-zero 
integers Ni,N 2 ,Mi,M 2 , effective divisors D\,D 2 on XL and a closed point a of 
X' such that 

(4.8.6) NiP v + N 2 [a x, X' n ] G image(CH(X; x„ Da)), 

(4.8.7) + M 2 [X; x„ a] G image(CH(D 1 x„ X^)). 

Let Di,D 2 , and Ya be the closures of Di,D 2 , and a in X'. The map Y a — > Y 
is generically finite and Y a ^ = a. Let Ai and A 2 be the closures of a x n X^ and 
X^ X,, a in X' Xy X'. Because of the formulas (|4.8.6|) . (|4.8.7|l over the generic point 
j], there is a Weil divisor S CY such that 

NiP + X 2 [Ai] G image(CH(X' xy D 2 )) + image(CH(X^ x 5 X^)), 

A/xP + M 2 [A 2 ] G image(CH(Di x y X')) + image(CH(X^ x s X^)). 
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Lemma [3.6.11 implies that H(P/Y) acts as H([Ai]/Y) on 

©iZ'/iWOx'.Q. 

From Lemma r3.6.2l we conclude that T-L{P/Y) acts as H([A2]/Y) on 

In view of Proposition 14.8.41 Theorem 14.5.61 and Lemma 14.8.31 this implies the 
statement of the theorem. □ 

5. Further applications 

5.1. Results on torsion. 

5.1.1. The Cartier-Dieudonne-Raynaud algebra. Recall from IR83J I, (1.1)] that 
the Cartier-Dieudonne-Raynaud algebra is the graded (non-commutative) VF-algebra, 
generated by formal symbols F and V in degree and by d in degree 1 which satisfy 
the following relations 

F-a = F(a)-F, a-V = V ■ F(a), (a e W), F -V = p = V ■ F 
a-d = d-a (a € W), F ■ d ■ V = d, d ■ d = 0. 
(Here F is a formal symbol, whereas F(a) denotes the Frobenius on the Witt 
vectors of k applied to the Witt vector a.) Thus R is concentrated in degree and 
1. Notice that any de-Rham-Witt module and any Witt-module on a scheme X 
naturally becomes an i?-module (the latter with d acting as 0). Therefore we have 
an exact functor 

dRWx -> Sh(X, R) := (sheaves-of i?-modules on X) 
which trivially derives to a functor 

(5.1.1) 4> : D 6 (dEWx) -> D b {Sh{X, R)) := D b (X, R). 
We set 

R n := R/(V n ■ R + d-V n ■ R). 

Notice that this is a left i?-module. We obtain a functor 

R n ® R : Sh(X,R) -> Sh(X, W„[d]) := (sheaves of W n [d] -modules on X), 

where W n [d] is the graded W n -algebra W n @ W n ■ d, with d 2 = 0. By |IR83[ Prop. 
(3.2)] the following sequence is an exact sequence of right i?-modules 

(5.1.2) -» fl(-l) (F "- F " d) > R dv-+v- ) R ^ Rn ^ Q 
This allows us to calculate the left-derived functor 

Rn® L R - : D-(Sh(X,R)) ->■ D-(Sh{X,W n [d])) := ITpr, W„[d]). 
One obtains the following. 

(1) Assume X is smooth. Then R n (gijj Wtt x = W„Q X - 

(2) Let / : X —> Y be a morphism of fc-schemes, then 

i?„ ®£ #/*(-) = i?/*(^n ®* (-)) : £> 6 (*, -R) ->■ £> 6 (^ W n [d}). 

(3) Let X be a scheme and Z C I be a closed subscheme, then 

Rn ® L R RLz(-) = Rr z (R n ®r (-)) : ^ b (X J?) -> D fe (X, W„ [<*]). 
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The first statement is IR83, II, Thm (1.2)], the last two statements follow directly 
from (|5X2]l . 

Proposition 5.1.2 ( |Eke85L I, Prop. 1.1.]). Let S be a k-scheme and M G D b (S, R) 
a complex of R-modules, which is bounded in both directions, i.e. there exists a nat- 
ural number m, such that H l (My is non-zero only for (i,j) G [—to, to] x [—to, to]. 

(1) Assume there exist integers r, s G 7L, such that H % {R\ <g)^ My = for all 
pairs (i,j) satisfying one of the following conditions 

(5.1.3) (i + j — r, i > s) or (i +j = r — 1, i > s + 1) or (i + j = r + 1, i > s + 1). 
Then 

H l (R n ig>^ M) j = 0, for all n and all (i,j) with i + j = r, i > s. 

(2) Assume there exist integers r,s G Z, such that H z (Ri (gi|^ My = for all 
pairs satisfying one of the following conditions 

(5.1.4) (i + j = r, i < s) or (i + j = r + 1, i < s) or (i + j = r — 1, i < s — 1). 

H l (R n (g)^ M) 3 = /or a// n and a// (i, j) wii/i i + j = r, i < s. 

This proposition is called Ekedahl's Nakayama Lemma because applying it to 
the cone of a morphism / : M — »• N in D b (X,R) between two complexes, which 
are bounded in both directions, we obtain that R n / is an isomorphism for all 
n, if Ri (g>|j / is. 

Corollary 5.1.3. Let S be a k-scheme and f : X —> S , g : Y — >• S two S- 

schemes which are smooth over k. Let tp : Rf^WVtx — > Rg*WCly be a morphism 
in D b (S, R). Then Ri <E)r f is a morphism 

ipi := Ri®R<p: Rf*fl x RgMv in D b (S, k[d]) 
and furthermore: 

(1) If there exists an natural number a > such that ip\ : ®j< a Rf*0, x ^> 
®j<aRg*^y * s an isomorphism, then 

93 := i?hm(i?„ ® R tp) : Rf*WQ? x A Rg*WQ{ 
is an isomorphism. 

(2) If there exists a natural number a > such that ipi : ®j> a Rf*OP x ^> 
®j> a Rg*^Y * s an isomorphism, then 

<p = R \pn(R n ®r <p) : Rf* WQ X A Rg.WO^ 
is an isomorphism. 

Proof. First of all notice, that by 15.1. 1[ (1) and (2) R n ®|j <p indeed is a morphism 
Rf*W n £lx — > Rg*W n fly and that R\im(R n (gijj 93) is a morphism i£/*WQx — > 
#£f»WfV, since R^m.Rf^W n Vt x = Rf„R^m n W n fl x = Rf*Wfl x . 

Denote by C the cone of ip in D b (S,R). It is clearly bounded in both directions 
(in the sense of Proposition 15.1.2"!) . Assume we are in the situation of (1). Then 
H l (Ri (g)^ Cy — for all i G Z and j < a. Choose io G Z and jo < a and set 
s := i Q and r := j + i . Then H l {R x ®£ C) 3 = for all as in ([5X3]) . Thus 
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H io {R n ®% Cy° = for all n. Therefore R n <g>£ ip is an isomorphism for all n in 
degree < a, which gives (1). Now assume we are in the situation of (2). Then 
H l (Ri ®p Cy — for all i G Z and j > a. Choose io € Z and jo > a an d set 
s := i and r := i + j . Then H l (R 1 ®^ C) j = for as in ([5X4)) . Thus 

H l °(R n ®b C) J ° = 0, which implies (2) as above. □ 

Lemma 5.1.4. Lei X be a smooth scheme and E(W,Q x ) the Cousin complex of 
W,n with respect to the codimension filtration on X (see 1 1.5^8\) . Then there is a 
natural commutative diagram of isomorphisms in D b (X, W n [d]) 

R n ®r Wn x Rn ®r ^mE(W.fl x ) 

w n Q x — > E(w n n x ). 

Proof. There is an obvious map 
R n ® fl |m£(W.O x ) =ymE(W.n x )/(V n + dV(^mE(W.il x ))) -> E(W n Q), 

yielding a morphism R n ®|g hmE(W m £lx) — > E(W n Cl), which clearly fits into a 
diagram as in the statement. By Lemma fl.5.91 E(W,il x ) is a Basque resolution 
of W,n x and thus, by Lemma [T.5.41 (4), ]imE(W,Q, x ) is a resolution of Wfl x . 
Hence the two horizontal arrows in the diagram are isomorphisms, and by 15.1. lt d) 
the vertical arrow on the left is an isomorphism. This proves the claim. □ 

5.1.5. Let / : X — > Y be a morphism between fc-schemes. Then we have the 
pullback in L> b (dRW y ) (see Definition HXT} 

/* : w.n Y -> Rf*w.n x . 

Using ([5X21) andEXU (1), (2) one checks 

fn = ^ ® L R (0(iZKm/*)) in D»(Y, W n [d}), 
where 4> is the forgetful functor from (|5.1.1|) . /* denotes the image of /* under the 
projection from L> b (dRWy) to D b (Y, W n [d]) and R\im : D b (dRW y ) -> D b (dRW Y ) 
(see Proposition 1 1 . 5 . 6l ) 

5.1.6. Let / : X — > Y be a morphism of pure relative dimension r between smooth 
schemes and let Z c X be a closed subscheme, such that f\z is proper. Then we 
have the pushforward in £> b (dRWV) (see (12~X4"10 

/* : Rf»RT z W.n X -> W.n y (-r)[-r]. 

Using (|2.3.3p and Lemma T5 . 1 .41 one checks 

/*,„ = i?„ ®£ (HR^mU)) in Z? b (F, W„[d]). 

5.1.7. Let X be smooth equidimensional scheme and Z C X an integral closed 
subscheme of codimension c. Then we have the cup-product with cZ ([-£]) (see l3.2.2]) 
in £> 6 (dRW x ) 

(-) U cZ([Z]) : WMx W|(W.n)(c) M^(W.n)(c)[c]. 

Notice that in 13.5.71 we defined this maps only in the limit, but they can clearly 
be constructed on each level and the limit of the above gives 13.5.71 Also notice 
that the first map is given by a 4 (— l) c ' dGgQ o; • cZ([Z]), which is a morphism of 
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dc Rham-Witt systems (since F(cl([Z])) = n(cl([Z])) and d{d([Z])) = 0.) Using 
((5X3 and EHU (1), (3) one checks 

(- U cl n {[Z])) = R n ® L R 4>(R hm((-) U cl([Z]))) in D b (X, W n [d]). 

5.1.8. Let S be a fc-scheme, / : X — > S and g : Y — > S be two S'-schemes which 
are smooth over k and of the same pure dimension N. Let ZcIxsY bea closed 
integral subscheme of dimension N, which is proper over Y. Then we define the 
morphism 

U([Z]/S) : Rf*Wfl x -> Rg*WVL Y in D b {S, R) 
as the composition 

Rf*wn x Rf*R Wl *wn XXY 

RUR Wu RT z WQ XxY (N)[N] 
- ZcXxsY ) Rg^RpT^RT z WQ XxY (N)[N} 
^> Rg*WCl Y . 

Here we simply write pr* instead of 0(_R^im(pr*)) etc. Notice that the third arrow 

does not exist in D b (dKWs), since it is not compatible with the W^Os-action. By 
IBXTl and [5X51 ISXBl \5Al\ R n <S) R 1Z([Z]/S) equals the following composition in 
D b (S, W n [d]), for all n > 1 

(5.1.5) Rf*W n fl x ^ Rf*R Wu W n n XxY 

UclnilZ] \ Rf*Rpr u RT z W n n XxY (N)[N] 



- ZcXxsY } Rg,R P T 2 ,RT z W n Q XxY {N)[N] 
: — > Rg*W n fL Y . 

This also shows that 

(5.1.6) TZ{[Z]/S) = R\im{R n ® L R TZ{[Z]/S)). 

Lemma 5.1.9. In the situation of \5.1.8\ we have 

® l H l {K{[Z]/S)) = H([Z]/S) : H{X/S) -> H(Y/S), 

in particular H 1 (1Z([Z]/ S)) is WOs-linear. (See Proposition \3.5J\ for the nota- 
tion.) Further, 

® l H l {R 1 ®%H([Z]/S)) : ®iB*f,Slx -> ® l R l g*VL Y 

equals the the morphism pn(Z/S) from |CR09[ Prop. 3.2.4]; in particular it is 
0$ -linear. 

Proof. By Lemma 13.5.81 (and its proof for the level n = 1 case) the global cup 
product (-) U cl{[Z\) : H l (X x Y,Wfl XxY ) -> H' l + N (X x Y,Wfl XxY (N)) (resp. 
{-)Uch([Z}) : H\X x Y, fl XxY ) -> W+ N (X x Y, Sl XxY (N))) is given by applying 
H' l (X x Y,RKm(-)) to the cup product of 15X71 (resp. applying H l (X x Y, Rt <g)£ 
(— )) to 15.1.71 ). Now the lemma follows from going through the definitions (cf. also 
the proof of Proposition [33X0] and of |CR091 Lem. 4.1.3].) □ 
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Theorem 5.1.10. Let S be a It-scheme and f : X — > S and g : Y — > S be two 

S-schemes which are integral and smooth over k and have dimension N . Assume X 
and Y are properly birational over S, i.e. there exists a closed integral subscheme 
Z C XxgY , such that the projections Z — > X and Z — > Y are proper and birational. 
Then Rn^^lZ^Z]/ S) fsee \5.1.~B\) induces isomorphisms in D b (S, W n ), for all n > 1 

Rf*W n O x S Rg m W n O Y , Rf*W n n% = Rg^Wnfly 7 . 
Therefore TZ{[Z]/S) = R^m(R n ®% 1Z([Z]/ S)) induces isomorphisms in D (S,R) 

Rf*WO x = Rg*WO Y , Rf*Wfi% = Rg.WO$. 

Taking cohomology we obtain isomorphisms ofWOs-modules which are compatible 
with Frobenius and Verschiebung 

R i f.,WO x ^R i 9*WO Y , R l f*Wn% = R'gvWQy 7 , foralli>0. 

Proof. By Ekedahl's Nakayama Lemma (Corollary 15. 1.3|) it suffices, to show that 

H i (R 1 ®%K([Z]/S)) : R>f m n x -> R l g^ Y 

is an isomorphism for all i > 0. This follows from Lemma .91 and CR09, Thm. 
3.2.6]. The second statement follows again from Lemma T5. 1.91 □ 

Remark 5.1.11. Notice that we do not need to assume here that any of the schemes 
X, Y or S are quasi-projective. We had to assume it in section 2 and 3 since, we 
can only prove the compatibility of H(—/S) with composition of correspondences, 
in the quasi-projective case. But in the argument above we only need that the 
maps exist in D b (S,R) and can then reduce to the result of [CR09] . where no 
quasi-projectiveness assumption is needed. 

Modulo torsion the VFO-part of the following corollary was proved by Ekedahl 
in |Eke83j . 

Corollary 5.1.12. Let X and Y be two smooth and proper k -schemes, which are 
birational and of pure dimension N. Then there are isomorphisms of W[F, V]- 
modules 

H l {X, WO x )=H*(Y,WO Y ), H 1 (X, WVt % ) Si W (Y, Wfi? ) , for all i > 
and also for all n, isomorphisms of W n -modules 

H*(X, W n O x ) S H*(Y, W n O Y ), H l (X, W n Sl%) = H*(Y, W n Q^), for all % > 0. 

In the case where X and Y are tame finite quotients (see Definition 14.2. 5|) we 
have no map like 1Z([Z]/S). This is why we have to assume that there exists a 
morphism in this case: 

Theorem 5.1.13. Let f : X —>Y be a proper and birational k-morphism between 
two tame finite quotients. Then we have isomorphisms 

f* : WO Y ^ Rf*WO Xl Rf.WuJx = f*Wu>x[0] Wco Y , 

where Wuj is defined in Definition ^. 1.2\ and /* is the pushforward from Proposition 
\4.1.4\ (6). There are also corresponding isomorphisms on each finite level. 
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Proof. By CR09, Cor. 4.3.3] we have isomorphisms 

/* :O y ^RUO x , Rf.u x = f.ux[0] ^* <*y. 

By |KM98[ Prop. 5.7] tame finite quotients are CM. Now the statement follows 
by induction from the two exact sequences (where X is any pure dimensional CM 
scheme) 

-> W n . x O x W n O x -> O x -> 
and (see Proposition 14 . 1 . 41 (7)) 

-> W n -iux W n u) X — — ► u x -> 0. 

□ 

Notice that the W^O-part of the theorem is a direct consequence of [CR091 Cor. 
4.3.3] and does not need any of the techniques developed in this paper. 

Corollary 5.1.14. In the situation of Theorem ] 5.1.131 we have isomorphisms of 
W[V, F]-modules 

W{X, WO x ) = H\Y, WO Y ), H\X, Wlo x ) = H\Y, Wu Y ), for alli>0. 
There are also corresponding isomorphisms on each finite level. 
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